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1. Introduction.

In the present paper, we continue our investigation of optimal control problems for the bidomain equations. In
a previous work [ Kunisch/Wagner 11 ] , control problems involving the monodomain approximation of the
bidomain system have been considered. Well-posedness of the problem formulation was proved, and first-order
optimality conditions were derived. Turning now to the study of optimal control of the full bidomain system,
the present work is focussed on the uniqueness, stability and regularity analysis for weak solutions of the
system, thus establishing the well-posedness of the control-to-state mapping and examinating the possible
gain of regularity for solutions, which satisfy the optimality conditions. At the same time, the stability
estimate proved below forms itself the first part of the proof of the necessary optimality conditions for the
problem (P) below. The investigation of the control problem will be continued in a subsequent publication
with proving existence of global minimizers and completing the proof of the first-order optimality conditions.

For a bounded domain Ω ⊂ R3 and T > 0, the bidomain system reads as follows: 01)

(B)0
∂Φtr

∂t
+ Iion(Φtr,W )− div

(
Mi∇Φi

)
= Ii for almost all (x, t) ∈ Ω× [ 0 , T ] ; (1.1)

∂Φtr

∂t
+ Iion(Φtr,W ) + div

(
Me∇Φe

)
= −Ie for almost all (x, t) ∈ Ω× [ 0 , T ] ; (1.2)

∂W

∂t
+G(Φtr,W ) = 0 for almost all (x, t) ∈ Ω× [ 0 , T ] ; (1.3)

nTMi∇Φi = 0 for all (x, t) ∈ ∂Ω× [ 0 , T ] ; (1.4)

nTMe∇Φe = 0 for all (x, t) ∈ ∂Ω× [ 0 , T ] ; (1.5)

Φtr(x, 0) = Φi(x, 0)− Φe(x, 0) = Φ0(x) and W (x, 0) = W0(x) for almost all x ∈ Ω . (1.6)

Here Ω represents the domain occupied by the cardiac muscle, the variables Φi and Φe denote the intracellular
and extracellular electric potentials, and Φtr = Φi − Φe is the transmembrane potential. The ionic current
Iion and the function G within the gating equation (1.3) will be specified according to the two-variable
models discussed in Subsection 2.b) below. In these models, Iion and G depend on Φtr as well as on a
single gating variable W describing in a cumulative way the effects of the ion transport through the cell
membranes. The anisotropic properties of the intracellular and the extracellular tissue parts are modeled by
the conductivity tensors Mi and Me. Finally, Ii and Ie describe the intracellular and extracellular stimulation
currents, respectively.

01) First considered in [ Tung 78 ] . A detailed introduction may be found in [ Sundnes/Lines/Cai/Nielsen/Mardal/

Tveito 06 ] , pp. 21− 56.
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As already mentioned, our aim is to analyze optimal control problems related to (1.1)− (1.6): (1.7)

(P) F (Φtr,Φe,W, Ie) =
∫ T

0

∫
Ω

r
(
x, t,Φtr(x, t),Φe(x, t),W (x, t)

)
dx dt+

µ

2

∫ T

0

∫
Ω

Ie(x, t)2 dx dt −→ inf !

subject to the bidomain equations (1.1)− (1.6) in its weak formulation (see (2.7)− (2.10) below)

and the control restriction
∣∣ Ie(x, t) ∣∣ 6 R for almost all (x, t) ∈ Ω× [ 0 , T ] . (1.8)

In this problem, the bidomain system will be controlled by means of the extracellular excitation Ie. 02)

Within the objective (1.7), the first term with the integrand r(x, t, ϕ, η, w) can be considered as a data
term, e. g. of tracking type. The inclusion of the control into the cost functional (1.7) and the pointwise
control restriction (1.8) serve different modeling purposes. While the former models the requirement that —
regardless of whether the hard bound (1.8) is active — the overall stimulus should be as small as possible, thus
favoring solutions with little intervention to the cardiac system, the hard constraint (1.8) for the extracellular
stimulus reflects the obvious fact that electrical stimulations applied to living tissue cannot be arbitrarily
large without causing damage. In mathematical terms, either the control term within (1.7) or the pointwise
constraint (1.8) is enough to ensure the existence of a weakly convergent minimizing sequence.
In the framework of optimal control, it turns out that the appropriate solution concept for the bidomain
system is the concept of weak solutions. This is sufficient to establish existence results for (P), 03) A first
natural question is then whether the control-to-state mapping, which assigns to a given control Ie the
state (Φtr,Φe,W ), is well-posed; in other words, whether existence and uniqueness of weak solutions of
the bidomain equations in correspondence to right-hand sides Ii = o and Ie can be guaranteed. Let us
briefly discuss the related results available in the literature. In [ Bourgault/Coudière/Pierre 09 ] , global
existence of weak solutions for the two-variable models from Subsection 2.b) was obtained. This result is cited
below as Theorem 2.5. A sufficient condition for uniqueness based on eigenvalue stability of a matrix related
to
(
c ∂Iion/∂ϕ c ∂Iion/∂w
∂G/∂ϕ ∂G/∂w

)
, however, could be proven only for the FitzHugh-Nagumo model. 04) Similar results

can be found in [ Boulakia/Fernández/Gerbeau/Zemzemi 08 ] , namely a global existence theorem for
weak solutions together with a uniqueness result requiring spectral conditions analogously to the former
ones. 05) For the FitzHugh-Nagumo model, the results and methods from [ Bourgault/Coudière/Pierre

09 ] have been predated in [ Colli Franzone/Savaré 02 ] where existence and uniqueness of weak solutions
has been established. 06) Further, in [ Bourgault/Coudière/Pierre 09 ] , existence and uniqueness of
strong solutions is verified locally in time. 07) Global existence and uniqueness of strong solutions has been
proved in [ Veneroni 09 ] for a generalized Luo-Rudy type model. 08)

Our second aim, to be addressed in an upcoming paper, is to provide a rigorous proof of necessary optimality
conditions for the control problem (P). As suggested by [ Kunisch/Wagner 11 ] , the problem can be treated
then as a so-called weakly singular problem. Within this approach, a stability estimate for the bidomain

02) For physiological reasons, the intracellular excitation Ii must be set zero.
03) Cf. [ Kunisch/Wagner 11 ] , p. 8, Theorem 3.3.
04) [ Bourgault/Coudière/Pierre 09 ] , p. 479, Theorem 32, together with Subsect. 6.1., p. 479 f.
05) [ Boulakia/Fernández/Gerbeau/Zemzemi 08 ] , p. 9, Theorem 2.2. Besides the models from Subsection 2.b), the

authors consider the Mitchell-Schaeffer model.
06) [ Colli Franzone/Savaré 02 ] , p. 64, Theorem 2.
07) [ Bourgault/Coudière/Pierre 09 ] , p. 469, Theorem 20. The assumptions of this theorem are rather difficult to

verify.
08) [ Veneroni 09 ] , p. 854, Theorem 1.1.
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equations is required. 09) Moreover, we will investigate regularity properties of an optimal control resulting
from the first-order necessary optimality conditions. 10)

Consequently, the present work is concerned with the proof of a global existence and uniqueness theorem for
weak solutions for two-variable models, as discussed e. g. in [ Bourgault/Coudière/Pierre 09 ] (Theorem
2.8.). The assumptions for this theorem are the natural ones for the context of optimal control. Namely, in
view of (1.8), we assume that the inhomogeneities Ii and Ie belong to L∞

[
( 0 , T ) ,

(
W

1,2(Ω)
)∗ ]. Instead of

spectral conditions of the type discussed above, our uniqueness argument is based on the proof of a stability
estimate (Theorem 2.7.). At the same time, this theorem forms the first part of the proof of the necessary
optimality conditions for the control problem (P), which will be completed in an upcoming publication.
Further, in the case of controls admitting a weak time derivative, we will prove that the weak solutions of
the bidomain equations gain additional regularity as well and become, in fact, strong solutions of (1.1)− (1.6)
(Theorem 3.3. and Corollary 3.4.). The proof is based on an adaptation of the iterative procedure presented
in [ Veneroni 09 ] .

The paper is structured as follows: In Section 2, we introduce the strong and weak solution concepts and
present the models for the ionic current, namely the Rogers-McCulloch, FitzHugh-Nagumo and the linearized
Aliev-Panfilov model. Then we proceed with the existence and uniqueness analysis of weak solutions. Higher
regularity of these solutions is investigated in Section 3. The assumptions and results are presented at
the beginning of each sections, while the rather technical proofs are given at their ends. All proofs will
be completely worked out for the Rogers-McCulloch model. For the FitzHugh-Nagumo and the linearized
Aliev-Panfilov model, the necessary alterations will be indicated.

Notations.

We denote by L
p(Ω) the space of functions, which are in the pth power integrable ( 1 6 p < ∞), or are

measurable and essentially bounded (p = ∞), and by W
1,p(Ω) the Sobolev space of functions ψ : Ω → R

which, together with their first-order weak partial derivatives, belong to the space L
p(Ω,R) ( 1 6 p <

∞). For spaces of Bochner integrable mappings, e. g. L2[ ( 0 , T ) , W 1,2(Ω)
]
, we refer to the summary in

[ Kunisch/Wagner 11 ] , p. 20 f. ΩT is an abbreviation for Ω × [ 0 , T ] . The gradient ∇ is always taken
only with respect to the spatial variables x. The nonstandard abbreviation “(∀) t ∈ A” has to be read as “for
almost all t ∈ A” or “for all t ∈ A except for a Lebesgue null set”, and the symbol o denotes, depending on
the context, the zero element or the zero function of the underlying space.

2. Existence and uniqueness of weak solutions for the bidomain system.

a) Equivalent formulations of the bidomain system; strong and weak solutions.

Introducing the transmembrane potential Φtr = Φi − Φe, the bidomain system (1.1)− (1.6) can be equi-
valently stated in the following parabolic-elliptic form: 11)

09) Analogously to [ Kunisch/Wagner 11 ] , p. 11, Theorem 3.8., and p. 16, Proof of Theorem 3.5., Step 2. For the

general framework of weakly singular problems, cf. [ Ito/Kunisch 08 ] , p. 17 f.

10) In the case of the monodomain approximation, a situation with improved regularity of the optimal control has been

described in [ Kunisch/Wagner 11 ] , p. 10, Corollary 3.7.

11) See [ Bourgault/Coudière/Pierre 09 ] , p. 459.
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(B)1
∂Φtr

∂t
+ Iion(Φtr,W )− div

(
Mi∇Φtr

)
− div

(
Mi∇Φe

)
= Ii for almost all (x, t) ∈ Ω× [ 0 , T ] ; (2.1)

div
(
Mi∇Φtr

)
+ div

(
(Mi +Me)∇Φe

)
= −(Ii + Ie) for almost all (x, t) ∈ Ω× [ 0 , T ] ; (2.2)

∂W

∂t
+G(Φtr,W ) = 0 for almost all (x, t) ∈ Ω× [ 0 , T ] ; (2.3)

nTMi∇Φtr + nTMi∇Φe = 0 for all (x, t) ∈ ∂Ω× [ 0 , T ] ; (2.4)

nTMi∇Φtr + nT(Mi +Me)∇Φe = 0 for all (x, t) ∈ ∂Ω× [ 0 , T ] ; (2.5)

Φtr(x, 0) = Φ0(x) and W (x, 0) = W0(x) for almost all x ∈ Ω . (2.6)

To the system (2.1)− (2.6), the following weak formulation corresponds: 12)

(B)2

∫
Ω

( ∂Φtr

∂t
· ψ +∇ψTMi(∇Φtr +∇Φe ) + Iion(Φtr,W )ψ

)
dx =

∫
Ω

Ii ψ dx (2.7)

∀ψ ∈W 1,2(Ω) , for a. a. t ∈ ( 0 , T ) ;∫
Ω

(
∇ψTMi∇Φtr +∇ψT(Mi +Me)∇Φe

)
dx =

∫
Ω

(
Ii + Ie

)
ψ dx (2.8)

∀ψ ∈W 1,2(Ω) with
∫

Ω

ψ(x) dx = 0 , for a. a. t ∈ ( 0 , T ) ;∫
Ω

( ∂W
∂t

+G(Φtr,W )
)
ψ dx = 0 ∀ψ ∈ L2(Ω) , for a. a. t ∈ ( 0 , T ) ; (2.9)

Φtr(x, 0) = Φ0(x) and W (x, 0) = W0(x) for almost all x ∈ Ω . (2.10)

The corresponding notions of strong and weak solutions will be clarified by the following definitions.

Definition 2.1. (Strong solution of the bidomain system (B)1 ) 13) A triple (Φtr,Φe,W ) is called a
strong solution of the bidomain system (2.1) − (2.6) on [ 0 , T ] iff the functions Φtr, Φe and W satisfy the
equations (2.1) − (2.3) a. e. on Ω × [ 0 , T ] as well as the initial and boundary conditions (2.4) − (2.6) on
∂Ω× [ 0 , T ], respectively. Moreover, the functions belong to the spaces

Φtr ∈ L2[ ( 0 , T ) , W 2,2(Ω)
]
∩ W 1,2[ ( 0 , T ) , L2(Ω)

]
; (2.11)

Φe ∈ L2[ ( 0 , T ) , W 2,2(Ω)
]

; (2.12)

W ∈W 1,2[ ( 0 , T ) , L2(Ω)
]
, (2.13)

and for all t ∈ ( 0 , T ), it holds that
∫

Ω
Φe(x, t) dx = 0.

Note that the imbedding W
1,2[ ( 0 , T ) , L2(Ω)

]
↪→ C

0[ [ 0 , T ] , L2(Ω)
]

holds; 14) consequently, the initial
conditions for Φtr and W are well-posed.

Definition 2.2. (Weak solution of the bidomain system (B)2 ) 15) A triple (Φtr,Φe,W ) is called a weak
solution of the bidomain system (2.7) − (2.10) on [ 0 , T ] iff the functions Φtr, Φe and W satisfy equations
(2.7) − (2.9) and obey the initial conditions (2.10). Moreover, the functions belong to the spaces

12) Following [ Bourgault/Coudière/Pierre 09 ] , p. 472, Remark 27, the occuring distributional time derivatives can

be identified as functions ∂Φtr/∂t, ∂W/∂t ∈ L2
[

( 0 , T ) ,
(

W 1,2(Ω)
)∗ ]

.
13) Slightly modified from [ Bourgault/Coudière/Pierre 09 ] , p. 469, Definition 18.
14) [ Kunisch/Wagner 11 ] , p. 21, Theorem 4.5.
15) [ Bourgault/Coudière/Pierre 09 ] , p. 472, Definition 26.
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Φtr ∈ C0[ [ 0 , T ] , L2(Ω)
]
∩ L2[ ( 0 , T ) , W 1,2(Ω)

]
∩ Lp(ΩT ) with 2 6 p 6 6 ; (2.14)

Φe ∈ L2[ ( 0 , T ) , W 1,2(Ω)
]

; (2.15)

W ∈ C0[ [ 0 , T ] , L2(Ω)
]
, (2.16)

and for almost all t ∈ ( 0 , T ), it holds that
∫

Ω
Φe(x, t) dx = 0.

Assumptions 2.3. (Basic assumptions on the data in (B)1 and (B)2)

1) Ω ⊂ R3 is a bounded Lipschitz domain.

2) Mi, Me : cl (Ω)→ R3×3 are symmetric, positive definite matrix functions with L∞(Ω)-coefficients, obeying
the uniform ellipticity conditions

0 6 µ1 ‖ ξ ‖2 6 ξTMi(x) ξ 6 µ2 ‖ ξ ‖2 and 0 6 µ1 ‖ ξ ‖2 6 ξTMe(x) ξ 6 µ2 ‖ ξ ‖2 ∀ ξ ∈ R3 ∀x ∈ Ω (2.17)

with µ1, µ2 > 0.

3) The initial values Φ0, W0 belong to the space L2(Ω).

4) Ii and Ie belong to the space L2[ ( 0 , T ) ,
(
W

1,2(Ω)
)∗ ] and satisfy the compatibility condition∫

Ω

(
Ii(x, t) + Ie(x, t)

)
dx = 0 for almost all t ∈ ( 0 , T ) . (2.18)

Under these assumptions, the weak bidomain system (2.7)− (2.10) allows for a further reformulation, which
is crucial for establishing existence and uniqueness results.

Theorem 2.4. (The reduced bidomain system and the bidomain bilinear form) 1) 16) Under the
Assumptions 2.3., a triple (Φtr,Φe,W ) forms a weak solution of (B)2 on the interval [ 0 , T ] for the initial
values Φ0, W0 ∈ L2(Ω) iff it satisfies the reduced bidomain system

(B)3
d

dt
〈Φtr(t) , ψ 〉+A

(
Φtr(t) , ψ

)
+
∫

Ω

Iion(Φtr(t),W (t))ψ dx = 〈S(t) , ψ 〉 ∀ψ ∈W 1,2(Ω) ; (2.19)

d

dt
〈W (t) , ψ 〉+

∫
Ω

G(Φtr(t),W (t))ψ dx = 0 ∀ψ ∈ L2(Ω) ; (2.20)

Φtr(x, 0) = Φ0(x) and W (x, 0) = W0(x) (∀)x ∈ Ω (2.21)

on [ 0 , T ] in distributional sense. Here the bidomain bilinear form A : W 1,2(Ω) ×W 1,2(Ω) → R is defined
through

A(ψ1 , ψ2) =
∫

Ω

∇ψT
1 Mi∇ψ2 dx+

∫
Ω

∇ψ̃T
eMi∇ψ2 dx (2.22)

where ψ̃e ∈W 1,2(Ω) is the uniquely determined solution of the variational equation∫
Ω

∇ψ̃T
e (Mi +Me)∇ψ dx = −

∫
Ω

∇ψT
1 Mi∇ψ dx ∀ψ ∈W 1,2(Ω) . (2.23)

Accordingly, the linear functionals S(t) ∈
(
W

1,2(Ω)
)∗ are defined through

〈S(t) , ψ 〉 = 〈 Ii(t) , ψ 〉 −
∫

Ω

∇ψT

eMi∇ψ dx (2.24)

16) [ Bourgault/Coudière/Pierre 09 ] , p. 473, Lemma 28, together with p. 464, Definition 5.
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where ψe ∈W
1,2(Ω) is the uniquely determined solution of the variational equation∫

Ω

∇ψT

e (Mi +Me)∇ψ dx = 〈 Ii(t) + Ie(t) , ψ 〉 ∀ψ ∈W 1,2(Ω) with
∫

Ω

ψe(x, t) dx = 0 (∀) t ∈ ( 0 , T ) .(2.25)

2) 17) The bilinear form A is symmetric, continuous and coercive with

β ‖ψ ‖2W 1,2(Ω) 6 A(ψ , ψ) + β ‖ψ ‖2L2(Ω) ∀ψ ∈W 1,2(Ω) and (2.26)∣∣A(ψ1 , ψ2)
∣∣ 6 γ · ‖ψ1 ‖W 1,2(Ω) · ‖ψ2 ‖W 1,2(Ω) ∀ψ1 , ψ2 ∈W 1,2(Ω) (2.27)

where β, γ > 0.

b) The models for the ionic current.

For the ionic current Iion and the function G within the gating equation, we will consider the following three
models:

a) The Rogers-McCulloch model. 18)

Iion(ϕ,w) = b · ϕ (ϕ− a) (ϕ− 1) + ϕ · w = b ϕ3 − (a+ 1) b ϕ2 + a bϕ+ ϕw ; (2.28)

G(ϕ,w) = εw − ε κϕ (2.29)

with 0 < a < 1, b > 0, κ > 0 and ε > 0. Consequently, the gating variable obeys the linear ODE

∂W/∂t+ εW = ε κΦtr . (2.30)

b) The FitzHugh-Nagumo model. 19)

Iion(ϕ,w) = ϕ (ϕ− a) (ϕ− 1) + w = ϕ3 − (a+ 1)ϕ2 + aϕ+ w ; (2.31)

G(ϕ,w) = εw − ε κϕ (2.32)

with 0 < a < 1, κ > 0 and ε > 0. Consequently, the gating variable obeys the same linear ODE (2.30) as
before.

c) The linearized Aliev-Panfilov model. 20)

Iion(ϕ,w) = b · ϕ (ϕ− a) (ϕ− 1) + ϕ · w = b ϕ3 − (a+ 1) b ϕ2 + a bϕ+ ϕw ; (2.33)

G(ϕ,w) = εw − ε κ
(

(a+ 1)ϕ− ϕ2
)

(2.34)

with 0 < a < 1, b > 0, κ > 0 and ε > 0. The linear ODE for the gating variable is

∂W/∂t+ εW = ε κ
(

(a+ 1) Φtr − Φtr
2
)
. (2.35)

17) [ Bourgault/Coudière/Pierre 09 ] , p. 464, Theorem 6.
18) [ Rogers/McCulloch 94 ] .
19) [ FitzHugh 61 ] , together with [ Nagumo/Arimoto/Yoshizawa 62 ] .
20) See [ Aliev/Panfilov 96 ] . The linearized model is taken from [ Bourgault/Coudière/Pierre 09 ] , p. 480. In-

stead, the original model contains a Riccati equation for the gating variable.
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c) Existence of weak solutions.

The following Theorems 2.5. and 2.6. were obtained in [ Bourgault/Coudière/Pierre 09 ] and [ Na-

gaiah/Kunisch/Plank 11 ] .

Theorem 2.5. (Existence of weak solutions) 21) Assume that the data within (B)2 obey Assumptions
2.3., and specify any of the three models described in Subsection 2.b). Then for arbitrary initial values Φ0,
W0 ∈ L2(Ω), the bidomain system (B)2 admits on [ 0 , T ] at least one weak solution (Φtr,Φe,W ) according
to Definition 2.2. where p = 4.

Theorem 2.6. (A priori estimate for weak solutions) 22) Assume that the data within (B)2 obey
Assumptions 2.3., and specify any of the three models described in Subsection 2.b). If a triple

(Φtr,Φe,W ) ∈
(
C

0[ [ 0 , T ) , L2(Ω)
]
∩ L2[ ( 0 , T ) , W 1,2(Ω)

]
∩ Lp(ΩT )

)
× L

2[ ( 0 , T ) , W 1,2(Ω)
]
× C

0[ [ 0 , T ] , L2(Ω)
]

(2.36)

forms a weak solution of the bidomain system (B)2 on [ 0 , T ] then the following estimate holds:

‖Φtr ‖2
C0
[

[ 0 , T ) , L2(Ω)
] + ‖Φtr ‖2

L2
[

( 0 , T ) ,W 1,2(Ω)
] + ‖Φtr ‖pLp(ΩT ) + ‖ ∂Φtr/∂t ‖q

Lq
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ]
+ ‖Φe ‖2

L2
[

( 0 , T ) ,W 1,2(Ω)
] + ‖W ‖2

C0
[

[ 0 , T ) , L2(Ω)
] + ‖ ∂W/∂t ‖2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ]
6 C ·

(
1 + ‖Φ0 ‖2L2(Ω) + ‖W0 ‖2L2(Ω) + ‖ Ii ‖2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie ‖2
L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) (2.37)

where p = 4 and q = 4/3. The constant C > 0 does not depend on Φ0, W0, Ii and Ie.

d) Uniqueness of weak solutions.

Note that Theorem 2.5. does not guarantee the uniqueness of the weak solution of (2.7)− (2.10) in cor-
respondence to a given pair of excitation variables Ii, Ie. The following error estimate, using assumptions,
which are in accordance with the analytical framework of the optimal control problem (P), allows to prove
a unique correspondence between (Ii, Ie) and the weak solution (Φtr,Φe,W ).

Theorem 2.7. (Stability estimate for weak solutions) Assume that the data within (B)2 obey As-
sumptions 2.3., and specify within (B)2 any of the three models from Subsection 2.b). If two weak so-
lutions (Φtr

′,Φe′,W ′), (Φtr
′′,Φe′′,W ′′) of (B)2 correspond to initial values Φ′0 = Φ′′0 = Φ0 ∈ L

2(Ω),
W ′0 = W ′′0 = W0 ∈ L

4(Ω) and inhomogeneities Ii′, Ie′, Ii′′ and Ie
′′ ∈ L

∞[ ( 0 , T ) ,
(
W

1,2(Ω)
)∗ ], whose

norms are bounded by R > 0, then the following estimates hold:

‖Φtr
′ − Φtr

′′ ‖2
L2
[

( 0 , T ) ,W 1,2(Ω)
] + ‖Φtr

′ − Φtr
′′ ‖2

C0
[

[ 0 , T ] , L2(Ω)
] + ‖Φe′ − Φe′′ ‖

2

L2
[

( 0 , T ) ,W 1,2(Ω)
] (2.38)

+ ‖W ′ −W ′′ ‖2
L2
[

( 0 , T ) , L2(Ω)
] + ‖W ′ −W ′′ ‖2

C0
[

[ 0 , T ] , L2(Ω)
] + ‖W ′ −W ′′ ‖2

W 1,2
[

( 0 , T ) , L2(Ω)
]

6 C
(
‖ Ii′ − Ii′′ ‖

2

L∞
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L∞
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) .
‖Φtr

′ − Φtr
′′ ‖

W 1,4/3
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] 6 C ·Max
(
‖ Ii′ − Ii′′ ‖

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , (2.39)

‖ Ie′ − Ie′′ ‖
L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , ‖ Ii′ − Ii′′ ‖2L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , ‖ Ie′ − Ie′′ ‖2L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) .
21) [ Bourgault/Coudière/Pierre 09 ] , p. 473, Theorem 30.
22) [ Nagaiah/Kunisch/Plank 11 ] , p. 158, Lemma 3.5.
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The constant C > 0 does not depend on Ii
′, Ie′, Ii′′ and Ie′′ but possibly on Ω, R, Φ0, W0 and p = 4.

This estimate yields the following uniqueness theorem:

Theorem 2.8. (Uniqueness of weak solutions) Assume that the data within (B)2 obey Assumptions 2.3.,
and specify within (B)2 any of the three models from Subsection 2.b). Then for initial values Φ0 ∈ L2(Ω),
W0 ∈ L4(Ω) and inhomogeneities Ii, Ie ∈ L∞

[
( 0 , T ) ,

(
W

1,2(Ω)
)∗ ], the bidomain system (B)2 admits on

[ 0 , T ] a unique weak solution (Φtr,Φe,W ) according to Definition 2.2. where p = 4.

e) Proofs.

Throughout the following proofs, C denotes a generical positive constant, which may appropriately change
from line to line. C will never depend on the data Ii

′, Ie′, Ii′′ and Ie
′′ but possibly on Ω, R, Φ0, W0 and

p = 4. We start with two lemmas, which will be used within the proof of Theorem 2.7.

Lemma 2.9. Under the assumptions of Theorem 2.7., let the pairs (Φtr
′,W ′) and (Φtr

′′,W ′′) satisfy for
almost all t ∈ [ 0 , T ] the equations

〈 d
dt

Φtr
′(t) , ψ 〉+A

(
Φtr
′(t) , ψ

)
+
∫

Ω

Iion(Φtr
′(t),W ′(t))ψ dx = 〈S′(t) , ψ 〉 ∀ψ ∈W 1,2(Ω) ; (2.40)

〈 d
dt

Φtr
′′(t) , ψ 〉+A

(
Φtr
′′(t) , ψ

)
+
∫

Ω

Iion(Φtr
′′(t),W ′′(t))ψ dx = 〈S′′(t) , ψ 〉 ∀ψ ∈W 1,2(Ω) . (2.41)

Then for arbitrary ε > 0 the following estimate holds:∣∣ 〈S′(t)− S′′(t) , ψ 〉 ∣∣ 6
C

2ε

(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ )+
3ε
4
‖ψ ‖2W 1,2(Ω) .

The constant C > 0 does not depend on ε, Ii and Ie and even not on Φ0 and W0. (2.42)

Proof. By (2.24) and (2.25), the right-hand sides of (2.40) and (2.41) read as

〈S′(t) , ψ 〉 = 〈 Ii′(t) , ψ 〉 −
∫

Ω

∇ψTMi∇ψ
′
e dx ; 〈S′′(t) , ψ 〉 = 〈 Ii′′(t) , ψ 〉 −

∫
Ω

∇ψTMi∇ψ
′′
e dx (2.43)

where ψ
′
e, ψ

′′
e ∈W

1,2(Ω) are the uniquely determined solutions of the variational equations∫
Ω

∇ψT(Mi +Me)∇ψ
′
e dx = 〈 Ii′ + Ie

′ , ψ 〉 ∀ψ ∈W 1,2(Ω) and (2.44)∫
Ω

∇ψT(Mi +Me)∇ψ
′′
e dx = 〈 Ii′′ + Ie

′′ , ψ 〉 ∀ψ ∈W 1,2(Ω) (2.45)

with
∫

Ω
ψ
′
e(x, t) dx = 0,

∫
Ω
ψ
′′
e (x, t) dx = 0 (∀) t ∈ ( 0 , T ). Forming the difference of (2.44) and (2.45), we

get the variational equation∫
Ω

∇ψT(Mi +Me)∇
(
ψ
′
e − ψ

′′
e

)
dx = 〈

(
Ii
′ − Ii′′

)
+
(
Ie
′ − Ie′′

)
, ψ 〉 ∀ψ ∈W 1,2(Ω) , (2.46)

into which ψ = ψ
′
e−ψ

′′
e can be inserted as a feasible test function. Then by Assumption 2.3., 2), the Poincaré

inequality may be applied to the left-hand side of (2.46) since [ Evans 98 ] , p. 275, Theorem 1, holds true
together with the Rellich-Kondrachov theorem even on a bounded Lipschitz domain, cf. [ Adams/Fournier

07 ] , p. 168, Theorem 6.3. This results in

C ‖ψ′e − ψ
′′
e ‖

2

W 1,2(Ω) 6
∫

Ω

∇
(
ψ
′
e − ψ

′′
e

)T(Mi +Me)∇
(
ψ
′
e − ψ

′′
e

)
dx (2.47)

6
∣∣ 〈 Ii′ − Ii′′ , ψ′e − ψ′′e 〉 ∣∣ +

∣∣ 〈 Ie′ − Ie′′ , ψ′e − ψ′′e 〉 ∣∣ .
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For arbitrary ε > 0, the generalized Cauchy inequality 23) implies

C ‖ψ′e − ψ
′′
e ‖

2

W 1,2(Ω) 6
1
2ε
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ +
ε

2
‖ψ′e − ψ

′′
e ‖

2

W 1,2(Ω) (2.48)

+
1
2ε
‖ Ie′(t)− Ie′′(t) ‖

2(
W 1,2(Ω)

)∗ +
ε

2
‖ψ′e − ψ

′′
e ‖

2

W 1,2(Ω) ,

and with ε = C/2, we obtain
C

2
‖ψ′e − ψ

′′
e ‖

2

W 1,2(Ω) 6
1
C

(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ ) . (2.49)

Further, it holds that∣∣ 〈S′(t)− S′′(t) , ψ 〉 ∣∣ =
∣∣ 〈 Ii′(t)− Ii′′(t) , ψ 〉 − ∫

Ω

∇ψTMi∇
(
ψ
′
e − ψ

′′
e

)
dx
∣∣ (2.50)

6
∣∣ 〈 Ii′(t)− Ii′′(t) , ψ 〉 ∣∣+

∣∣ 〈∇ (ψ′e − ψ′′e ) , Mi∇ψ 〉
∣∣ (2.51)

6
1
2ε
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ +
ε

2
‖ψ ‖2W 1,2(Ω) +

1
2ε′
‖ψ′e − ψ

′′
e ‖

2

W 1,2(Ω) +
ε′

2
‖Mi ‖2 · ‖ψ ‖2W 1,2(Ω) (2.52)

6
1
2ε
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ +
ε

2
‖ψ ‖2W 1,2(Ω)

+
C

2ε′
(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ )+
C ε′

2
‖ψ ‖2W 1,2(Ω) (2.53)

where Assumption 2.3., 2) and (2.49) have been used. Taking ε′ = ε/(2C) and equalizing the constants in
the first and third term in an appropriate way, we arrive at the claimed estimate (2.42).

Lemma 2.10. For all ϕ1, ϕ2 ∈ R, the following identity holds:(
ϕ3

1 − (a+ 1)ϕ2
1 + aϕ1

)
−
(
ϕ3

2 − (a+ 1)ϕ2
2 + aϕ2

)
= (ϕ1 − ϕ2) ·

(
ϕ2

1 + ϕ1 ϕ2 + ϕ2
2 − (a+ 1) (ϕ1 + ϕ2) + a

)
. (2.54)

Proof of Theorem 2.7. Within (B)2, the Rogers-McCulloch model is specified. Assume that (Φtr
′,Φe′,W ′)

and (Φtr
′′,Φe′′,W ′′) are weak solutions of (B)2, which correspond to excitations Ii′, Ie′, Ii′′, Ie′′ ∈ L∞

[
( 0 , T ),(

W
1,2(Ω)

) ]
with norms bounded by R > 0 and identical initial values Φ0 and W0.

• Step 1. The difference of the reduced parabolic equations. By Theorem 2.4., 1), the pairs (Φtr
′,W ′) and

(Φtr
′′,W ′′) satisfy for almost all t ∈ [ 0 , T ] the equations (2.40) and (2.41) above from the reduced bidomain

system. Consequently, we obtain the difference

〈 d
dt

(
Φtr
′(t)− Φtr

′′(t)
)
, ψ 〉+A

(
Φtr
′(t)− Φtr

′′(t) , ψ
)

(2.55)

+
∫

Ω

(
Iion(Φtr

′(t),W ′(t))− Iion(Φtr
′′(t),W ′′(t))

)
ψ dx = 〈S′(t)− S′′(t) , ψ 〉 ∀ψ ∈W 1,2(Ω)

where we may insert ψ = Φtr
′(t)−Φtr

′′(t) as a feasible test function since Φtr
′(t), Φtr

′′(t) ∈W 1,2(Ω). Using
the constant β > 0 from Theorem 2.4., 2), we obtain
1
2
d

dt
‖Φtr

′(t)− Φtr
′′(t) ‖2L2(Ω) +A

(
Φtr
′ − Φtr

′′ , Φtr
′ − Φtr

′′ )+ β ‖Φtr
′ − Φtr

′′ ‖2L2(Ω)

+
∫

Ω

(
Iion(Φtr

′,W ′)− Iion(Φtr
′′,W ′′)

) (
Φtr
′ − Φtr

′′ ) dx
= 〈S′(t)− S′′(t) , Φtr

′ − Φtr
′′ 〉+ β ‖Φtr

′ − Φtr
′′ ‖2L2(Ω) =⇒ (2.56)

1
2
d

dt
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + β ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) +

∫
Ω

(
Iion(Φtr

′,W ′)− Iion(Φtr
′′,W ′′)

) (
Φtr
′ − Φtr

′′ ) dx
6
∣∣ 〈S′(t)− S′′(t) , Φtr

′ − Φtr
′′ 〉
∣∣+ β ‖Φtr

′ − Φtr
′′ ‖2L2(Ω) . (2.57)

23) Cf. [ Evans 98 ] , p. 622, b.
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By Lemma 2.9., the first term on the right-hand side of (2.57) can be estimated through∣∣ 〈S′(t)− S′′(t) , Φtr
′ − Φtr

′′ 〉
∣∣ 6

C

2ε1

(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ ) (2.58)

+
3ε1

4
‖Φtr

′(t)− Φtr
′′(t) ‖2W 1,2(Ω)

with a number ε1 > 0 to be fixed later. Observe now that, by Lemma 2.10., the following identity holds:∫
Ω

(
Iion(Φtr

′,W ′)− Iion(Φtr
′′,W ′′)

) (
Φtr
′ − Φtr

′′ ) dx (2.59)

=
∫

Ω

(Φtr
′ − Φtr

′′) b
(

(Φtr
′)2 + Φtr

′ Φtr
′′ + (Φtr

′′)2 + a
)

(Φtr
′ − Φtr

′′) dx

− (a+ 1) b
∫

Ω

(Φtr
′ − Φtr

′′)
(

Φtr
′ + Φtr

′′ ) (Φtr
′ − Φtr

′′) dx+
∫

Ω

(
Φtr
′W ′ − Φtr

′′W ′′
)

(Φtr
′ − Φtr

′′) dx .

Considering further that a, b > 0 and Φtr
′(x, t)2 + Φtr

′(x, t) Φtr
′′(x, t) + Φtr

′′(x, t)2 > 0 for almost all
(x, t) ∈ ΩT , the inequalities (2.57), (2.58) and (2.59) imply

d

dt
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + 2β ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) 6 2C

∫
Ω

∣∣Φtr
′ − Φtr

′′ ∣∣ · ∣∣Φtr
′ + Φtr

′′ ∣∣ · ∣∣Φtr
′ − Φtr

′′ ∣∣ dx
+ 2

∫
Ω

(
Φtr
′W ′ − Φtr

′′W ′′
)

(Φtr
′′ − Φtr

′) dx +
C

ε1

(
‖ Ii′ − Ii′′ ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′ − Ie′′ ‖
2(
W 1,2(Ω)

)∗ )
+

3ε1

2
‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) + 2β ‖Φtr

′ − Φtr
′′ ‖2L2(Ω) . (2.60)

By application of the generalized Cauchy’s inequality with ε2 > 0 to the first term on the right-hand side of
(2.60), we get

2C
∫

Ω

∣∣Φtr
′ − Φtr

′′ ∣∣ · ∣∣Φtr
′ + Φtr

′′ ∣∣ · ∣∣Φtr
′ − Φtr

′′ ∣∣ dx
6 C

ε2

2

∫
Ω

∣∣Φtr
′ + Φtr

′′ ∣∣2 · ∣∣Φtr
′ − Φtr

′′ ∣∣2 dx+
C

2 ε2
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.61)

6 C
ε2

2

(∫
Ω

∣∣Φtr
′ + Φtr

′′ ∣∣4 dx)1/2 (
‖Φtr

′ − Φtr
′′ ‖4L4(Ω)

)1/2

+
C

2 ε2
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.62)

6 C
ε2

2

(∫
Ω

∣∣Φtr
′ + Φtr

′′ ∣∣4 dx)1/2

‖Φtr
′ − Φtr

′′ ‖2W 1,2(Ω) +
C

2 ε2
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) . (2.63)

The second term on the right-hand side of (2.60) can be estimated through

2
∫

Ω

(
Φtr
′W ′ − Φtr

′′W ′′
)

(Φtr
′′ − Φtr

′) dx = 2
∫

Ω

(Φtr
′ − Φtr

′′)W ′ (Φtr
′ − Φtr

′′) dx (2.64)

+ 2
∫

Ω

(W ′ −W ′′) Φtr
′′ (Φtr

′ − Φtr
′′) dx

6 ε3

∫
Ω

(
W ′
)2 ∣∣Φtr

′ − Φtr
′′ ∣∣2 dx+

1
ε3
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.65)

+ ε4

∫
Ω

(
Φtr
′′ )2 ∣∣Φtr

′ − Φtr
′′ ∣∣2 dx+

1
ε4
‖W ′ −W ′′ ‖2L2(Ω)

6 ε3

(∫
Ω

(
W ′
)4
dx
)1/2 (

‖Φtr
′ − Φtr

′′ ‖4L4
(Ω)

)1/2

+
1
ε3
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.66)

+ ε4

(∫
Ω

(
Φtr
′′ )4 dx)1/2 (

‖Φtr
′ − Φtr

′′ ‖4L4(Ω)

)1/2

+
1
ε4
‖W ′ −W ′′ ‖2L2(Ω)

6 C ε3 ‖W ′ ‖
2
L4(Ω) ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) +

1
ε3
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.67)

+C ε4 ‖Φtr
′′ ‖2L4(Ω) ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) +

1
ε4
‖W ′ −W ′′ ‖2L2(Ω) ,
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applying the generalized Cauchy’s inequality again with ε3, ε4 > 0. Combining now (2.60), (2.63) and (2.67),
we end up with the inequality

d

dt
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + 2β ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) (2.68)

6 C
ε2

2

(
‖Φtr

′ ‖4L4(Ω) + ‖Φtr
′′ ‖4L4(Ω)

)1/2

‖Φtr
′ − Φtr

′′ ‖2W 1,2(Ω) +
C

2 ε2
‖Φtr

′ − Φtr
′′ ‖2L2(Ω)

+ C ε3 ‖W ′ ‖
2
L4(Ω) ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) +

1
ε3
‖Φtr

′ − Φtr
′′ ‖2L2(Ω)

+ C ε4 ‖Φtr
′′ ‖2L4(Ω) ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) +

1
ε4
‖W ′ −W ′′ ‖2L2(Ω)

+
C

ε1

(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ )
+

3ε1

2
‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) + 2β ‖Φtr

′ − Φtr
′′ ‖2L2(Ω) .

As a consequence of Theorem 2.6. and the assumed L∞-regularity of the excitations Ii′, Ie′, Ii′′ and Ie′′, the
inequalities∫

Ω

Φtr
′(t)4 dx 6 C

(
1 + ‖Φ0 ‖2L2(Ω) + ‖W0 ‖2L2(Ω) (2.69)

+ ‖ Ii′ ‖
2

L∞
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ ‖
2

L∞
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) ;

∫
Ω

Φtr
′′(t)4 dx 6 C

(
1 + ‖Φ0 ‖2L2(Ω) + ‖W0 ‖2L2(Ω) (2.70)

+ ‖ Ii′′ ‖
2

L∞
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′′ ‖
2

L∞
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] )
hold. 24) Further, since W ′ is the unique (strong or weak) solution of the initial value problem (2.3), (2.6), it
belongs to the space C1[ ( 0 , T ) , L2(Ω)

]
∩ C0[ [ 0 , T ] , L2(Ω)

]
and admits the representation 25)

W ′(x, t) = W0(x) e−εt + ε κ e−εt
∫ t

0

Φtr
′(x, τ) eετ dτ , (2.71)

which implies the estimate∫
Ω

W ′(t)4 dx 6 C ‖W0 ‖4L4(Ω) + C
(

1 + ‖Φ0 ‖2L2(Ω) + ‖W0 ‖2L2(Ω) (2.72)

+ ‖ Ii′ ‖
2

L∞
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ ‖
2

L∞
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) .
Combining finally (2.68) with (2.69), (2.70) and (2.72), we may fix the numbers ε1, ε2, ε3, ε4 > 0 in such a
way that the terms with ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) will be annihilated. We arrive at

d

dt
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) 6

( C

2 ε2
+

1
ε3

+ 2β
)
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.73)

+
1
ε4
‖W ′ −W ′′ ‖2L2(Ω) +

C

ε1

(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ ) .
24) Cf. [ Kunisch/Wagner 11 ] , p. 23.
25) [ Warga 72 ] , p. 192, Theorem II.4.6.
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• Step 2. The difference of the gating equations. The pairs (Φtr
′,W ′) and (Φtr

′′,W ′′) satisfy for almost all
t ∈ [ 0 , T ] the equations

〈 d
dt
W ′(t) , ψ 〉 = −

∫
Ω

(
εW ′(t)− ε κΦtr

′(t)
)
ψ dx ∀ψ ∈ L2(Ω) and (2.74)

〈 d
dt
W ′′(t) , ψ 〉 = −

∫
Ω

(
εW ′′(t)− ε κΦtr

′′(t)
)
ψ dx ∀ψ ∈ L2(Ω) . (2.75)

Inserting the feasible test function ψ = W ′(t)−W ′′(t) into the difference of (2.74) and (2.75), we get

〈 d
dt

(
W ′(t)−W ′′(t)

)
, W ′(t)−W ′′(t) 〉 (2.76)

= − ε
∫

Ω

(
W ′ −W ′′

)2
dx+ ε κ

∫
Ω

(
Φtr
′ − Φtr

′′ ) (W ′ −W ′′ ) dx =⇒

d

dt

(
‖W ′ −W ′′ ‖2L2(Ω)

)
6
(

2 ε+ ε κ
)
‖W ′ −W ′′ ‖2L2(Ω) + ε κ ‖Φtr

′ − Φtr
′′ ‖2L2(Ω) . (2.77)

• Step 3. The estimates for the differences ‖Φtr
′ − Φtr

′′ ‖2
L∞
[

( 0 , T ) , L2(Ω)
], ‖W ′ −W ′′ ‖2

L2(ΩT )
and

‖W ′ −W ′′ ‖2
L∞
[

( 0 , T ) , L2(Ω)
]. After equalizing of the constants on the right-hand sides, the inequalities

(2.73) and (2.77) give together

d

dt

(
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + ‖W ′ −W ′′ ‖2L2(Ω)

)
6 C ·

(
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + ‖W ′ −W ′′ ‖2L2(Ω)

)
(2.78)

+
C

ε1

(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ ) ,
By application of Gronwall’s inequality, 26) (2.78) implies

‖Φtr
′(t)− Φtr

′′(t) ‖2L2(Ω) + ‖W ′(t)−W ′′(t) ‖2L2(Ω) 6 eC t
(
‖Φtr

′(0)− Φtr
′′(0) ‖2L2(Ω) (2.79)

+ ‖W ′(0)−W ′′(0) ‖2L2(Ω) +
C

ε1

∫ t

0

(
‖ Ii′(τ)− Ii′′(τ) ‖2(

W 1,2(Ω)
)∗ + ‖ Ie′(τ)− Ie′′(τ) ‖2(

W 1,2(Ω)
)∗ ) dτ )

6 eC T
C

ε1

(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) . (2.80)

From the last inequality, we get the desired estimates:

‖Φtr
′ − Φtr

′′ ‖2
L∞
[

( 0 , T ) , L2(Ω)
] 6 eC T

C

ε1

(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ]
+ ‖ Ie′ − Ie′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) ; (2.81)

‖W ′ −W ′′ ‖2
L∞
[

( 0 , T ) , L2(Ω)
] 6 eC T

C

ε1

(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ]
+ ‖ Ie′ − Ie′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) ; (2.82)

‖W ′ −W ′′ ‖2L2(ΩT ) 6 T eC T
C

ε1

(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ]
+ ‖ Ie′ − Ie′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) . (2.83)

26) [ Evans 98 ] , p. 624, j.
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• Step 4. The estimate for the difference ‖Φtr
′ − Φtr

′′ ‖2
L2
[

( 0 , T ) ,W 1,2(Ω)
]. We go back to (2.68)− (2.72)

and choose the numbers ε1, ... , ε4 > 0 alternatively in such a way that

d

dt
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + β ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) 6

( C

2 ε2
+

1
ε3

+ 2β
)
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.84)

+
1
ε4
‖W ′ −W ′′ ‖2L2(Ω) +

C

ε1

(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ ) .
This leads to the following modification of (2.78):

d

dt

(
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + ‖W ′ −W ′′ ‖2L2(Ω)

)
+ β ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) 6 C ·

(
‖Φtr

′ − Φtr
′′ ‖2L2(Ω)

+ ‖W ′ −W ′′ ‖2L2(Ω)

)
+
C

ε1

(
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ ) . (2.85)

Together with (2.80), we arrive at (2.86)

‖Φtr
′(t)− Φtr

′′(t) ‖2W 1,2(Ω) 6 C
(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) ,
which implies

‖Φtr
′ − Φtr

′′ ‖2
L2
[

( 0 , T ) ,W 1,2(Ω)
] 6 C

(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ]
+ ‖ Ie′ − Ie′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) . (2.87)

• Step 5. The estimate for the difference ‖W ′ −W ′′ ‖2
W 1,2

[
( 0 , T ) , L2(Ω)

]. Into the difference of (2.74) and

(2.75), we insert the test function ψ = (∂W ′(t)/∂t)− (∂W ′′(t)/∂t), which obviously belongs to L2(ΩT ) and

is therefore admissible. Then we get with the generalized Cauchy’s inequality

‖ ∂W
′

∂t
− ∂W ′′

∂t
‖2L2(Ω) 6 ε

ε5

2
‖ ∂W

′

∂t
− ∂W ′′

∂t
‖2L2(Ω) +

ε

2 ε5
‖W ′ −W ′′ ‖2L2(Ω) (2.88)

+ ε κ
ε6

2
‖ ∂W

′

∂t
− ∂W ′′

∂t
‖2L2(Ω) +

ε κ

2 ε6
‖Φtr

′ − Φtr
′′ ‖2L2(Ω)

for arbitrary ε5, ε6 > 0. Fixing the numbers ε5 and ε6 in such a way that ε ε5 + ε κ ε6 = 1, we find together
with (2.81) and (2.82):

‖ ∂W
′

∂t
− ∂W ′′

∂t
‖2L2(Ω) 6

ε

ε5
‖W ′ −W ′′ ‖2L2(Ω) +

ε κ

ε6
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.89)

6 C
(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) =⇒

‖ ∂W
′

∂t
− ∂W ′′

∂t
‖2
L2
[

( 0 , T ) , L2(Ω)
] 6 C T

(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ]
+ ‖ Ie′ − Ie′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) , (2.90)

and with (2.83), we get the estimate

‖W ′ −W ′′ ‖2
W 1,2

[
( 0 , T ) , L2(Ω)

] 6 C
(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] (2.91)

+ ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) .
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• Step 6. The estimate for the difference ‖Φtr
′ − Φtr

′′ ‖
W 1,4/3

[
( 0 , T ) ,

(
W 1,2(Ω)

)∗ ]. We will exploit the defi-

nition of the dual norm where q = 4/3. Then (2.55) yields

∫ T

0

‖ ∂Φtr
′(t)

∂t
− ∂Φtr

′′(t)
∂t

‖q(
W 1,2(Ω)

)∗ dt =
∫ T

0

sup
‖ψ ‖W1,2(Ω) = 1

∣∣ 〈 ∂Φtr
′

∂t
− ∂Φtr

′′

∂t
, ψ 〉

∣∣q dt (2.92)

6 C ·
∫ T

0

(
sup
...

∣∣ 〈S′(t)− S′′(t) , ψ 〉 ∣∣q + sup
...

∣∣A(Φtr
′ − Φtr

′′ , ψ
) ∣∣q (2.93)

+ sup
...

∣∣ ∫
Ω

(
Iion(Φtr

′,W ′)− Iion(Φtr
′′,W ′′)ψ dx

∣∣q ) dt =⇒(∫ T

0

‖ ∂Φtr
′

∂t
− ∂Φtr

′′

∂t
‖q(

W 1,2(Ω)
)∗ dt)1/q

(2.94)

6 C ·
(∫ T

0

sup
...

∣∣ 〈S′(t)− S′′(t) , ψ 〉 ∣∣2 dt)1/2

+ C ·
(∫ T

0

sup
...

∣∣A(Φtr
′ − Φtr

′′ , ψ
) ∣∣2 dt)1/2

+C ·
(∫ T

0

(
sup
...
‖ Iion(Φtr

′,W ′)− Iion(Φtr
′′,W ′′) ‖Lq(Ω) · ‖ψ ‖Lp(Ω)

)q
dt
)1/q

.

We estimate the three terms on the right-hand side of (2.94) separately. For the first term, we get from (2.51)

sup
‖ψ ‖W1,2(Ω) = 1

∣∣ 〈S′(t)− S′′(t) , ψ 〉 ∣∣2 6 C
(

sup
...

∣∣ 〈 Ii′(t)− Ii′′(t) , ψ 〉 ∣∣2 + sup
...

∣∣ 〈∇ (ψ′e − ψ′′e ) , Mi∇ψ 〉
∣∣2 )

6 C
(
‖ Ii′(t)− Ii′′(t) ‖2(

W 1,2(Ω)
)∗ + ‖Mi ‖2 · ‖ψ

′
e − ψ

′′
e ‖

2

W 1,2(Ω)

)
, (2.95)

and with (2.49), we arrive at

sup
...

∣∣ 〈S′(t)− S′′(t) , ψ 〉 ∣∣2 6 C
(
‖ Ii′(t)− Ii′′(t) ‖2(

W 1,2(Ω)
)∗ + ‖ Ie′(t)− Ie′′(t) ‖

2(
W 1,2(Ω)

)∗ ) =⇒ (2.96)(∫ T

0

sup
...

∣∣ 〈 1
1 + λ

(
λ
(
Ii
′(t)− Ii′′(t)

)
−
(
Ie
′(t)− Ie′′(t)

) )
, ψ 〉

∣∣2 dt)1/2

6 C
(
‖ Ii′ − Ii′′ ‖2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) . (2.97)

For the second term, we obtain from Theorem 2.4., 2), and (2.87):

∣∣A(Φtr
′ − Φtr

′′ , ψ
) ∣∣2 6 γ2 ‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) · ‖ψ ‖

2
W 1,2(Ω) =⇒ (2.98)(∫ T

0

sup
...

∣∣M(Φtr
′ − Φtr

′′ , ψ
) ∣∣2 dt)1/2

6 C ‖Φtr
′ − Φtr

′′ ‖
L2
[

( 0 , T ) ,W 1,2(Ω)
] (2.99)

6 C
(
‖ Ii′ − Ii′′ ‖2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) . (2.100)

By Lemma 2.10., the integrand within the third term may be rewritten as follows:

‖ Iion(Φtr
′,W ′)− Iion(Φtr

′′,W ′′) ‖Lq(Ω)

6 ‖ b
(

(Φtr
′)2 + Φtr

′ Φtr
′′ + (Φtr

′′)2 − (a+ 1) (Φtr
′ + Φtr

′′) + a
) (

Φtr
′ − Φtr

′′ ) ‖
Lq(Ω)

(2.101)

+ ‖ (Φtr
′ − Φtr

′′)W ′ ‖Lq(Ω) + ‖ (W ′ −W ′′) Φtr
′′ ‖Lq(Ω) = J1 + J2 + J3 . (2.102)
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For J1, we get with q = 4/3

J1 =
(∫

Ω

bq
(

(Φtr
′)2 + Φtr

′Φtr
′′ + (Φtr

′′)2 − (a+ 1) (Φtr
′ + Φtr

′′) + a
)q (Φtr

′ − Φtr
′′ )q dx)1/q

(2.103)

6
(∫

Ω

b3q/2
(

(Φtr
′)2 + Φtr

′ Φtr
′′ + (Φtr

′′)2

− (a+ 1) (Φtr
′ + Φtr

′′) + a
)3q/2

dx
)2/3q (∫

Ω

(
Φtr
′ − Φtr

′′ )3q )1/3q

(2.104)

6 C
(

1 + ‖Φtr
′(t) ‖4L4(Ω) + ‖Φtr

′′(t) ‖4L4(Ω)

)2 · ‖Φtr
′ − Φtr

′′ ‖W 1,2(Ω) (2.105)

due to the continuous imbedding W 1,2(Ω) ↪→ L
4(Ω). Further, using (2.72) and the boundedness of the norms

of Ii′ and Ie
′, J2 may be estimated through

J2 =
(∫

Ω

(
Φtr
′ − Φtr

′′ )q (W ′)q dx
)1/q

6
(∫

Ω

(
Φtr
′ − Φtr

′′ )2 dx)2/3q (∫
Ω

(W ′)4 dx
)1/3q

(2.106)

=
(
‖Φtr

′ − Φtr
′′ ‖4/3

L2(Ω)
· ‖W ′ ‖4/3

L4(Ω)

)3/4

= ‖Φtr
′ − Φtr

′′ ‖L2(Ω) · ‖W
′ ‖L4(Ω) 6 C ‖Φtr

′ − Φtr
′′ ‖L2(Ω) .(2.107)

Finally, (2.70) allows to estimate J3 through

J3 =
(∫

Ω

(
W ′ −W ′′

)q (Φtr
′′)q dx

)1/q

6
(∫

Ω

(
W ′ −W ′′

)2
dx
)2/3q (∫

Ω

(Φtr
′′)4 dx

)1/3q

(2.108)

=
(
‖W ′ −W ′′ ‖4/3

L2(Ω)
· ‖Φtr

′′ ‖4/3
L4(Ω)

)3/4

= ‖W ′ −W ′′ ‖L2(Ω) · ‖Φtr
′′ ‖L4(Ω) 6 C ‖W ′ −W ′′ ‖L2(Ω) . (2.109)

The estimates (2.105), (2.107) and (2.109) together imply that(∫ T

0

(
sup
...
‖ Iion(Φtr

′,W ′)− Iion(Φtr
′′,W ′′) ‖L4/3(Ω) · ‖ψ ‖L4(Ω)

)4/3
dt
)3/4

(2.110)

6 C ·
(∫ T

0

( (
1 + ‖Φtr

′(t) ‖4L4(Ω) + ‖Φtr
′′(t) ‖4L4(Ω)

)2 · ‖Φtr
′ − Φtr

′′ ‖W 1,2(Ω) (2.111)

+ ‖Φtr
′ − Φtr

′′ ‖L2(Ω) + ‖W ′ −W ′′ ‖L2(Ω)

)4/3

dt
)3/4

6 C ·
(∫ T

0

(
1 + ‖Φtr

′(t) ‖4L4(Ω) + ‖Φtr
′′(t) ‖4L4(Ω)

)8/3 · ‖Φtr
′ − Φtr

′′ ‖4/3
W 1,2(Ω)

(2.112)

+
∫ T

0

‖Φtr
′ − Φtr

′′ ‖4/3
W 1,2(Ω)

dt+
∫ T

0

‖W ′ −W ′′ ‖4/3
L2(Ω)

dt
)3/4

.

With (2.69), (2.70), (2.80) and (2.86), we obtain(∫ T

0

(
sup
...
‖ Iion(Φtr

′,W ′)− Iion(Φtr
′′,W ′′) ‖L4/3(Ω) · ‖ψ ‖L4(Ω)

)4/3
dt
)3/4

(2.113)

6 3C ·
(∫ T

0

(
‖ Ii′ − Ii′′ ‖2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] )2/3

dt
)3/4

6 C ·Max
(
‖ Ii′ − Ii′′ ‖

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , ‖ Ie′ − Ie′′ ‖
L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) . (2.114)

Summing up, we get from (2.97), (2.100) and (2.114)

‖ ∂Φtr
′

∂t
− ∂Φtr

′′

∂t
‖
L4/3

[
( 0 , T ) ,

(
W 1,2(Ω)

)∗ ] 6 C ·Max
(
‖ Ii′ − Ii′′ ‖

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , (2.115)

‖ Ie′ − Ie′′ ‖
L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , ‖ Ii′ − Ii′′ ‖2L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , ‖ Ie′ − Ie′′ ‖2L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] )
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and, considering (2.81), we arrive finally at

‖Φtr
′ − Φtr

′′ ‖
W 1,4/3

[
( 0 , T ) ,

(
W 1,2(Ω)

)∗ ] 6 C ·Max
(
‖ Ii′ − Ii′′ ‖

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , (2.116)

‖ Ie′ − Ie′′ ‖
L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , ‖ Ii′ − Ii′′ ‖2L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] , ‖ Ie′ − Ie′′ ‖2L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) .
• Step 7. Derivation of the estimate for ‖Φe′ − Φe′′ ‖

2

L2
[

( 0 , T ) ,W 1,2(Ω)
] from the difference of the elliptic

equations. Forming the difference of the equations∫
Ω

(
∇ψTMi∇Φtr

′ +∇ψT(Mi +Me)∇Φe′
)
dx =

∫
Ω

(
Ii
′ + Ie

′
)
ψ dx and (2.117)∫

Ω

(
∇ψTMi∇Φtr

′′ +∇ψT(Mi +Me)∇Φe′′
)
dx =

∫
Ω

(
Ii
′′ + Ie

′′
)
ψ dx (2.118)

∀ψ ∈W 1,2(Ω) with
∫

Ω

ψ(x) dx = 0 ,

which are valid for the pairs (Φtr
′,Φe′) and (Φtr

′′,Φe′′) for almost all t ∈ [ 0 , T ] , we get∫
Ω

(
∇ψTMi∇

(
Φtr
′ − Φtr

′′ )+∇ψT(Mi +Me)∇
(

Φe′ − Φe′′
) )

dx (2.119)

=
∫

Ω

(
(Ii′ − Ii′′) + (Ie′ − Ie′′

)
ψ dx ∀ψ ∈W 1,2(Ω) with

∫
Ω

ψ(x) dx = 0 .

Inserting ψ = Φe′(t) − Φe′′(t) as a feasible test function (cf. Definition 2.2.), we obtain from Assumption
2.3., 2) and the Poincaré inequality

C ‖Φe′(t)− Φe′′(t) ‖
2

W 1,2(Ω) 6
∫

Ω

∇
(

Φe′ − Φe′′
)T
Mi∇

(
Φtr
′ − Φtr

′′ ) dx (2.120)

+
∫

Ω

(Ii′ − Ii′′) (Φe′ − Φe′′) dx +
∫

Ω

(Ie′ − Ie′′) (Φe′ − Φe′′) dx

6
1

2 ε5
‖Mi ‖2 · ‖∇Φtr

′ −∇Φtr
′′ ‖2L2(Ω) +

ε5

2
‖∇Φe′ −∇Φe′′ ‖

2

L2(Ω) +
1

2 ε6
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗
+
ε6

2
‖Φe′ − Φe′′ ‖

2

W 1,2(Ω) +
1

2ε7
‖ Ie′(t)− Ie′′(t) ‖

2(
W 1,2(Ω)

)∗ +
ε7

2
‖Φe′ − Φe′′ ‖

2

W 1,2(Ω) (2.121)

6
C

2 ε5
‖Φtr

′ − Φtr
′′ ‖2W 1,2(Ω) +

ε5

2
‖Φe′ − Φe′′ ‖

2

W 1,2(Ω) +
1

2 ε6
‖ Ii′(t)− Ii′′(t) ‖

2(
W 1,2(Ω)

)∗
+
ε6

2
‖Φe′ − Φe′′ ‖

2

W 1,2(Ω) +
1

2ε7
‖ Ie′(t)− Ie′′(t) ‖

2(
W 1,2(Ω)

)∗ +
ε7

2
‖Φe′ − Φe′′ ‖

2

W 1,2(Ω) . (2.122)

Fixing ε5, ε6, ε7 > 0 in an appropriate way and normalizing the constant on the left-hand side, we arrive at

‖Φe′(t)− Φe′′(t) ‖
2

W 1,2(Ω) 6 C
(
‖Φtr

′(t)− Φtr
′′(t) ‖2W 1,2(Ω) (2.123)

+ ‖ Ii′(t)− Ii′′(t) ‖
2(
W 1,2(Ω)

)∗ + ‖ Ie′(t)− Ie′′(t) ‖
2(
W 1,2(Ω)

)∗ ) =⇒

‖Φe′ − Φe′′ ‖
2

L2
[

( 0 , T ) ,W 1,2(Ω)
] 6 C

(
‖Φtr

′ − Φtr
′′ ‖2

L2
[

( 0 , T ) ,W 1,2(Ω)
] (2.124)

+ ‖ Ii′ − Ii′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) ,
from which we get with (2.87) the estimate

‖Φe′ − Φe′′ ‖
2

W 1,2(Ω) 6 C
(
‖ Ii′ − Ii′′ ‖

2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie′ − Ie′′ ‖
2

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) . (2.125)
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• Step 8. Conclusion of the proof. In order to confirm that the left-hand side in (2.81) can be replaced by

‖Φtr
′ − Φtr

′′ ‖
C0
[

[ 0 , T ] , L2(Ω)
], we may simply repeat the arguments from [ Bourgault/Coudière/Pierre

09 ] , p. 478, Subsection 5.3. The bound for ‖W ′ −W ′′ ‖
C0
[

[ 0 , T ] , L2(Ω)
] is obtained with [ Kunisch/Wag-

ner 11 ] , p. 21, Theorem 4.5., from (2.82) and (2.91). Finally, the estimates (2.38) and (2.39) take the

claimed form due to the continous imbedding L
∞[ ( 0 , T ) ,

(
W

1,2(Ω)
)∗ ]

↪→ L
2[ ( 0 , T ) ,

(
W

1,2(Ω)
)∗ ],

and the proof is complete.

Remarks. 1) Considering the system (B)2 with the FitzHugh-Nagumo instead of the Rogers-McCulloch
model, thus replacing the nonlinear coupling term ϕw by w and setting b = 1 within the ionic current, the
preceding proof can be repeated with almost no alterations. The only difference concerns the estimation of
the term∫

Ω

(
Iion(Φtr

′,W ′)− Iion(Φtr
′′,W ′′)

) (
Φtr
′ − Φtr

′′ ) dx (2.126)

within (2.57).

2) Assume now that in (B)2 the linearized Aliev-Panfilov model is specified. Then in the proof above, the
estimates for the gating equation in Steps 2 and 5 must be changed. Namely, the difference of the gating
equations for two weak solutions (Φtr

′,Φe′,W ′) and (Φtr
′′,Φe′′,W ′′) turns into

〈 d
dt

(
W ′(t)−W ′′(t)

)
, ψ 〉 = − ε

∫
Ω

(
W ′(t)−W ′′(t)

)
ψ dx (2.127)

+ ε κ (a+ 1)
∫

Ω

(
Φtr
′(t)− Φtr

′′(t)
)
ψ dx− ε κ

∫
Ω

(
Φtr
′(t)2 − Φtr

′′(t)2
)
ψ dx ∀ψ ∈ L2(Ω) .

Inserting now the feasible test function ψ = W ′(t)−W ′′(t), we obtain

〈 d
dt

(
W ′(t)−W ′′(t)

)
, W ′(t)−W ′′(t) 〉 = − ε

∫
Ω

(
W ′ −W ′′

)2
dx (2.128)

+ ε κ (a+ 1)
∫

Ω

(
Φtr
′ − Φtr

′′ ) (W ′ −W ′′ ) dx− ε κ ∫
Ω

(
(Φtr

′)2 − (Φtr
′′)2
) (
W ′ −W ′′

)
dx =⇒

d

dt

( 1
2
‖W ′ −W ′′ ‖2L2(Ω)

)
6 ε ‖W ′ −W ′′ ‖2L2(Ω) + ε κ (a+ 1)

∫
Ω

∣∣Φtr
′ − Φtr

′′ ∣∣ · ∣∣W ′ −W ′′ ∣∣ dx (2.129)

+ ε κ

∫
Ω

∣∣ (Φtr
′)2 − (Φtr

′′)2
∣∣ · ∣∣W ′ −W ′′ ∣∣ dx =⇒

d

dt

(
‖W ′ −W ′′ ‖2L2(Ω)

)
6
(

2 ε+ ε κ (a+ 1)
)
‖W ′ −W ′′ ‖2L2(Ω) + ε κ (a+ 1) ‖Φtr

′ − Φtr
′′ ‖2L2(Ω) (2.130)

+ 2 ε8

∫
Ω

(
Φtr
′ + Φtr

′′ )2 (Φtr
′ − Φtr

′′ )2 dx+
1

2 ε8

∫
Ω

(
W ′ −W ′′

)2
dx

6 C
(
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + ‖W ′ −W ′′ ‖2L2(Ω)

)
(2.131)

+C ε8

(∫
Ω

(
|Φtr

′ |4 + |Φtr
′′ |4
)
dx
)1/2

‖Φtr
′ − Φtr

′′ ‖2L4(Ω) +
1

2 ε8
‖W ′ −W ′′ ‖2L2(Ω)

where the generalized Cauchy’s inequality with ε8 > 0 has been applied. Together with (2.69), (2.70) and
the imbedding W 1,2(Ω) ↪→ L

4(Ω), we find

d

dt

(
‖W ′ −W ′′ ‖2L2(Ω)

)
6
(
C +

1
2 ε8

) (
‖Φtr

′ − Φtr
′′ ‖2L2(Ω) + ‖W ′ −W ′′ ‖2L2(Ω)

)
(2.132)

+C ε8 ‖Φtr
′ − Φtr

′′ ‖2W 1,2(Ω)
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as a replacement of (2.77). In Step 5 above, the corresponding alterations will be applied.

Proof of Theorem 2.8. For any of the three ionic models, the existence of a weak solution (Φtr,Φe,W )
of (B)2 is ensured by Theorem 2.5. In order to prove its uniqueness, Theorem 2.7. has to be applied to
Ii
′ = Ii

′′ = Ii and Ie
′ = Ie

′′ = Ie.

3. Higher regularity of weak solutions for the bidomain system.

a) Veneroni’s iterative procedure.

In order to prove a further regularity theorem for the weak solutions of (B)2, we strengthen the assumptions
on the data. In particular, we will assume throughout this section that the sum of the excitations Ii and Ie

possesses a weak time derivative.

Assumptions 3.1. (Stronger assumptions on the data in (B)1 and (B)2)

1) Ω ⊂ R3 is a bounded domain with C1,1-boundary.

2) Mi, Me : cl (Ω) → R3×3 are symmetric, positive definite matrix functions with W
1,∞(Ω)-coefficients,

obeying uniform ellipticity conditions:

0 6 µ1 ‖ ξ ‖2 6 ξTMi(x) ξ 6 µ2 ‖ ξ ‖2 and 0 6 µ1 ‖ ξ ‖2 6 ξTMe(x) ξ 6 µ2 ‖ ξ ‖2 ∀ ξ ∈ R3 ∀x ∈ Ω (3.1)

with µ1, µ2 > 0.

3) The initial values belong to the following spaces: Φ0 ∈W 2,2(Ω), W0 ∈ L∞(Ω). Moreover, Φ0 satisfies the
compatibility condition described in [ Veneroni 09 ] , p. 853, and p. 854, Remark 3. 27)

4) Ii, Ie belong to the space L
r[ ( 0 , T ) , L2(Ω)

]
with r > 4; the sum Ii + Ie belongs even to the Sobolev

space W 1,2[ ( 0 , T ) , L2(Ω)
]

, and it holds that∫
Ω

(
Ii(x, t) + Ie(x, t)

)
dx = 0 (∀) t ∈ ( 0 , ∞ ) . (3.2)

Note that Assumption 3.1., k) implies Assumption 2.3., k) from Subsection 2.a), 1 6 k 6 4.

The following theorem is part of an iterative solution procedure for the bidomain system, which has been
presented in [ Veneroni 09 ] . In the present investigation, Veneroni’s result will be used in order to improve
the regularity of a given weak solution of (B)2.

Theorem 3.2. (Iterative solution of the bidomain system) 28) Let Assumptions 3.1. hold. Further, let
a function Φ̃tr ∈ L2[ ( 0 , T ) , W 1,2(Ω)

]
be given, which is regular enough to ensure that Iion

(
Φ̃tr,W (Φ̃tr)

)
belongs to Lq

[
( 0 , T ) , L2(Ω)

]
, q > 1, where W (Φ̃tr) ∈ C0[ [ 0 , T ] , L2(Ω)

]
is defined as the (weak or strong)

solution of the initial value problem

(B̃)0,gat
∂W

∂t
+G(Φ̃tr,W ) = 0 (∀) (x, t) ∈ Ω× ( 0 , T ) , W (x, 0) = W0(x) (∀)x ∈ Ω . (3.3)

27) In contrast to the condition from [ Bourgault/Coudière/Pierre 09 ] , p. 469, Theorem 20, this condition can be

verified in a constructive way.

28) [ Veneroni 09 ] , p. 856 f., Proposition 3.1., together with p. 861.
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1) Then the initial-boundary value problem

(B̃)0,par
∂Φtr

∂t
+ Iion(Φ̃tr,W (Φ̃tr))− div

(
Mi∇Φi

)
= Ii (∀) (x, t) ∈ Ω× [ 0 , T ] ; (3.4)

∂Φtr

∂t
+ Iion(Φ̃tr,W (Φ̃tr)) + div

(
Me∇Φe

)
= −Ie (∀) (x, t) ∈ Ω× [ 0 , T ] ; (3.5)

nTMi∇Φi = 0 ∀ (x, t) ∈ ∂Ω× [ 0 , T ] ; (3.6)

nTMe∇Φe = 0 ∀ (x, t) ∈ ∂Ω× [ 0 , T ] ; (3.7)

Φtr(x, 0) = Φi(x, 0)− Φe(x, 0) = Φ0(x) (∀)x ∈ Ω ;
∫

Ω

Φe(x, t) dx = 0 (∀) t ∈ [ 0 , T ] (3.8)

possesses a uniquely determined solution (Φi,Φe) ∈ Lq
[

( 0 , T ) , W 2,2(Ω)
]
× L

q[ ( 0 , T ) , W 2,2(Ω)
]

with

Φtr = Φi − Φe ∈ W
1,q[ ( 0 , T ) , L2(Ω)

]
∩ Lq

[
( 0 , T ) , W 2,2(Ω)

]
. (3.9)

2) The solutions Φi, Φe satisfy the estimates

‖Φi ‖
Lq
[

( 0 , T ) ,W 2,2(Ω)
] + ‖Φtr ‖

W 1,q
[

( 0 , T ) , L2(Ω)
] 6 C

(
‖Φ0 ‖W 2,2(Ω) (3.10)

+ ‖ Iion(Φ̃tr,W (Φ̃tr)) ‖
Lq
[

( 0 , T ) , L2(Ω)
] + ‖ Ii ‖

Lq
[

( 0 , T ) , L2(Ω)
] + ‖ Ii + Ie ‖

W 1,2
[

( 0 , T ) , L2(Ω)
] ) ;

‖Φe ‖
Lq
[

( 0 , T ) ,W 2,2(Ω)
] + ‖Φtr ‖

W 1,q
[

( 0 , T ) , L2(Ω)
] 6 C

(
‖Φ0 ‖W 2,2(Ω) (3.11)

+ ‖ Iion(Φ̃tr,W (Φ̃tr)) ‖
Lq
[

( 0 , T ) , L2(Ω)
] + ‖ Ie ‖

Lq
[

( 0 , T ) , L2(Ω)
] + ‖ Ii + Ie ‖

W 1,2
[

( 0 , T ) , L2(Ω)
] ) .

3) If q > 2 then for a pair of solutions (Φtr
′,Φe′,W ′), (Φtr

′′,Φe′′,W ′′) of (B̃)0,gat and (B̃)0,par, corresponding
to the entries (Φ̃′tr, Φ̃

′
e, W̃

′) and (Φ̃′′tr, Φ̃
′′
e , W̃

′′), we have the estimate

‖Φtr
′(t)− Φtr

′′(t) ‖2L2(Ω) 6 C

∫ t

0

‖ Iion(Φ̃′tr(ϑ), W̃ ′(ϑ))− Iion(Φ̃′′tr(ϑ), W̃ ′′(ϑ)) ‖
2

L2(Ω) dϑ ∀ t ∈ [ 0 , T ] . (3.12)

Proof. Parts 1) and 2) of Theorem 3.1. are identical with [ Veneroni 09 ] , p. 856 f., Proposition 3.1.,
except for the fact that Iion

(
Φ̃tr,W (Φ̃tr)

)
is assumed to belong to Lq

[
( 0 , T ) , L2(Ω)

]
, 1 < q 6 r, instead

of Lr
[

( 0 , T ) , L2(Ω)
]
. However, a closer inspection of the proof in [ Veneroni 09 ] , pp. 858− 861, reveals

that all arguments remain in virtue for the above assumed weaker regularity since the W 1,q-regularity of the
solution of (B̃)0,par depends on the regularity of

Ii(t) + Ie(t)
2

− Iion
(

Φ̃tr(t),W (Φ̃tr(t))
)
∈ Lq(Ω) (3.13)

only. Then the estimates in Part 2) and 3) follow from [ Veneroni 09 ] , p. 861, Theorem 3.1., together with
p. 860, (3.27), (3.28) and (3.30), in a completely analogous way.

b) Higher regularity of weak solutions.

Imposing the Assumptions 3.1., the regularity of a given weak solution of (B)2 can be considerably improved.

Theorem 3.3. (Higher regularity of weak solutions) Let the Assumptions 3.1. with r > 4 hold, and
specify within (B)2 one of the models from Subsection 2.b). Assume that a triple (Φtr,Φe,W ) forms a weak
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solution of the bidomain system (B)2 on [ 0 , T ] in correspondence to initial values Φ0 ∈ W
2,2(Ω) and

W0 ∈ L∞(Ω) where p = 4. Then the functions possess the higher regularity

Φtr ∈W 1,6[ ( 0 , T ) , L2(Ω)
]
∩ L6[ ( 0 , T ) , W 2,2(Ω)

]
∩ C0(ΩT ) ; (3.14)

Φe ∈ L2[ ( 0 , T ) , L2(Ω)
]
∩ L6[ ( 0 , T ) , W 2,2(Ω)

]
; (3.15)

W ∈ C1[ ( 0 , T ) , L∞(Ω)
]
∩ C0[ [ 0 , T ] , L∞(Ω)

]
. (3.16)

Consequently, (Φtr,Φe,W ) forms even a strong solution of (B)0 and (B)1.

Corollary 3.4. (Higher regularity and uniqueness of weak solutions) Let the assumptions of Theo-
rem 3.3. hold. Besides Assumption 3.1., 4), let the inhomogeneities Ii and Ie belong even to the space
L
∞[ ( 0 , T ) , L2(Ω)

]
. Then the bidomain system (B)2 possesses on [ 0 , T ] a uniquely determined weak

solution (Φtr,Φe,W ), which admits the regularity described by (3.14) − (3.16) and, consequently, forms a
uniquely determined strong solution of (B)0 and (B)1 as well.

As pointed out e. g. in [ Colli Franzone/Guerri/Tentoni 90 ] , p. 159 f., the eigenvector bases of the
conductivity tensors Mi, Me : cl (Ω) → R3×3, reflecting the direction of the muscle fibers within the heart
tissue, should be identical. Consequently, let us assume that the representations

Mi(x) =

 e1(x)T

e2(x)T

e3(x)T

 λ1,i(x) 0 0
0 λ2,i(x) 0
0 0 λ3,i(x)

 ( e1(x) e2(x) e3(x) ) ∀x ∈ cl (Ω) ; (3.17)

Me(x) =

 e1(x)T

e2(x)T

e3(x)T

 λ1,e(x) 0 0
0 λ2,e(x) 0
0 0 λ3,e(x)

 ( e1(x) e2(x) e3(x) ) ∀x ∈ cl (Ω) (3.18)

hold. As a consequence, the boundary conditions as well as the compatibility condition for the initial datum
Φ0 may be simplified in the following way:

Corollary 3.5. (Geometrical consequences of higher regularity) Let the assumptions of Theorem
3.3. hold. Assume further that the descriptions (3.17), (3.18) are valid together with

Mi(x) n(x) =

λ1,i(x) 0 0
0 λ2,i(x) 0
0 0 λ3,i(x)

 n(x) , Me(x) n(x) =

λ1,e(x) 0 0
0 λ2,e(x) 0
0 0 λ3,e(x)

 n(x) (3.19)

∀x ∈ ∂Ω

while e1, e2, e3 : cl (Ω)→ R3 are continuous functions.

1) Then any weak solution of (B)2 on [ 0 , T ] is a strong solution of (B)0 and (B)1 where the boundary
conditions (1.4) − (1.5) and (2.4) − (2.5) can be replaced by

nT∇Φi = 0 , nT∇Φe = 0 ∀ (x, t) ∈ ∂Ω× [ 0 , T ] and (3.20)

nT∇Φtr = 0 , nT∇Φe = 0 ∀ (x, t) ∈ ∂Ω× [ 0 , T ] , (3.21)

respectively.

2) The compatibility condition for the function Φ0 ∈W 2,2(Ω) from Assumption 3.1., 3) reduces to

nT∇Φ0 = 0 ∀x ∈ ∂Ω . (3.22)

The proofs of Theorem 3.3. and the Corollaries 3.4. and 3.5. will be given in the following subsection.
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Remark. By a slight modification of the full iteration procedure from [ Veneroni 09 ] , the uniqueness of the
weak solutions of (B)2 can be confirmed exclusively under the assumptions of Theorem 3.3. without reference
to Theorem 2.8. In the optimal control problems for the bidomain system, however, the intracellular excitation
Ii is set zero for physiological reasons; consequently, Assumption 3.1., 4) implies Ie ∈W 1,2[ ( 0 , T ) , L2(Ω)

]
,

which is continuously imbedded into C
0[ [ 0 , T ] , L2(Ω)

]
⊂ L

∞[ ( 0 , T ) , L2(Ω)
]

by [ Kunisch/Wagner

11 ] , p. 21, Theorem 4.5, and we arrive at the analytical situation of Corollary 3.4. from the outset.

c) Proofs.

Before starting with the proof of Theorem 3.3., we establish the following two propositions.

Proposition 3.6. (Iterative definition of the entries for the bidomain system I) Under the as-
sumptions of Theorem 3.3., let a triple (Φ̃tr, Φ̃e, W̃ ) ∈

(
C

0[ [ 0 , T ] , L2(Ω)
]
∩ L

2[ ( 0 , T ) , W 1,2(Ω)
]
∩

L
4(ΩT )

)
× L

2[ ( 0 , T ) , W 1,2(Ω)
]
× C

0[ [ 0 , T ] , L2(Ω)
]

be a weak solution of the bidomain system (B)2

on [ 0 , T ] .

1) In the case of the Rogers-McCulloch and the FitzHugh-Nagumo model, the (weak or strong) solution
W of the initial value problem (B̃)0,gat from Theorem 3.2. belongs to the space C

1[ ( 0 , T ) , L2(Ω)
]
∩

C
0[ [ 0 , T ] , L2(Ω)

]
and coincides with W̃ .

2) In the case of the linearized Aliev-Panfilov model, the (weak or strong) solution W of the initial value
problem (B̃)0,gat from Theorem 3.2. belongs to the space C

1[ ( 0 , T ) , L1(Ω)
]
∩ C

0[ [ 0 , T ] , L2(Ω)
]

and
coincides with W̃ .

Proof. 1) In the case of the Rogers-McCulloch model and the FitzHugh-Nagumo model, the (weak or strong)
solution of (B̃)0,gat is given through

W (x, t) = W0(x) e−εt + ε κ e−εt
∫ t

0

Φ̃tr(x, τ) eετ dτ , (3.23)

cf. [ Warga 72 ] , p. 192, Theorem II.4.6., and (2.71) above. Obviously, this function admits the claimed
regularity. Since (3.23) is the uniquely determined weak solution of (B̃)0,gat as well, the solution W of
(B̃)0,gat must agree with W̃ , which is already known as a weak solution of (B̃)0,gat. Consequently, W and W̃
agree even within the space C1[ ( 0 , T ) , L2(Ω)

]
∩ C0[ [ 0 , T ] , L2(Ω)

]
.

2) In the case of the linearized Aliev-Panfilov model, the (weak or strong) solution of (B̃)0,gat reads as

W (x, t) = W0(x) e−εt + ε κ e−εt
∫ t

0

(
(a+ 1) Φ̃tr(x, τ)− Φ̃2

tr(x, τ)
)
eετ dτ , (3.24)

and the same implications are true except for the lower integrability of ∂W (x, t)/∂t with respect to x.

Proposition 3.7. (Iterative definition of the entries for the bidomain system II) Let the assump-
tions of Theorem 3.3. hold. Consider a triple (Φ̃tr, Φ̃e, W̃ ) ∈

(
C

0[ [ 0 , T ] , L2(Ω)
]
∩L2[ ( 0 , T ) , W 1,2(Ω)

]
∩

L
4(ΩT )

)
× L

2[ ( 0 , T ) , W 1,2(Ω)
]
× C

0[ [ 0 , T ) , L2(Ω)
]
, which forms on [ 0 , T ] a weak solution of the

bidomain system (B)2 with initial values Φ0 ∈W 2,2(Ω) and W0 ∈ L∞(Ω). Assume further that Φ̃tr is regular
enough to ensure that Iion(Φ̃tr,W (Φ̃tr)) belongs to L

q[ ( 0 , T ) , L2(Ω)
]
, q > 1. Then the solutions Φtr, Φe

of (B̃)0,par coincide with Φ̃tr and Φ̃e within the space L2[ ( 0 , T ) , W 1,2(Ω)
]
.

Proof. The assumptions about Φ̃tr guarantee the applicability of Theorem 3.2., 1). Consequently, the system
(B̃)0,par admits the uniquely determined solutions

Φi , Φe ∈ L
q[ ( 0 , T ) , W 2,2(Ω)

]
with (3.25)

Φtr = Φi − Φe ∈ W
1,q[ ( 0 , T ) , L2(Ω)

]
∩ Lq

[
( 0 , T ) , W 2,2(Ω)

]
. (3.26)
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Due to Proposition 3.6., we have W (Φ̃tr) = W̃ , and the difference of (1.1)− (1.2), (1.4)− (1.6) and (3.4)−
(3.8) reads as

∂

∂t

(
Φ̃tr − Φtr

)
− div

(
Mi∇

(
Φ̃i − Φi

) )
= 0 (∀) (x, t) ∈ Ω× [ 0 , T ] ; (3.27)

∂

∂t

(
Φ̃tr − Φtr

)
+ div

(
Me∇

(
Φ̃e − Φe

) )
= 0 (∀) (x, t) ∈ Ω× [ 0 , T ] ; (3.28)

nTMi∇
(

Φ̃i − Φi
)

= 0 and nTMe∇
(

Φ̃e − Φe
)

= 0∀ (x, t) ∈ ∂Ω× [ 0 , T ] ; (3.29)

Φ̃tr(x, 0)− Φtr(x, 0) = 0 (∀)x ∈ Ω ;
∫

Ω

(
Φ̃e(x, t)− Φe(x, t)

)
dx = 0 (∀) t ∈ [ 0 , T ] . (3.30)

Obviously, this system matches the assumptions of Theorem 3.2., 1) with Iion(ϕ,w) = o; consequently, the
zero solution (Φ̃i −Φi) = (Φ̃e −Φe) = o ∈ L2[ ( 0 , T ) , W 1,2(Ω)

]
is uniquely determined, and the functions

Φ̃tr and Φtr as well as Φ̃e and Φe are identical.

Proof of Theorem 3.3. Throughout the proof, C denotes a generical positive constant, which may ap-
propriately change from line to line. C will never depend on the data Φ0, W0, Ii and Ie but possibly on Ω
and p = 4. Within (B)0, (B)1 and (B)2, the Rogers-McCulloch model is specified. In order to apply Theo-
rem 3.2. and Propositions 3.6. and 3.7., we rename the given weak solution as (Φ̃tr, Φ̃e, W̃ ) and study the
outcomes W = W (Φ̃tr) and (Φtr,Φe) of Veneroni’s procedure.

• Step 1. The function Φ̃tr belongs even to the space L
4[ ( 0 , T ) , L6(Ω)

]
. We start with the following

estimate, which is taken from the proof of Theorem 2.6. in [ Nagaiah/Kunisch/Plank 11 ] , p. 158, (33):

‖ Φ̃tr(t) ‖
2

W 1,2(Ω) 6 C
(

1 + ‖Φ0 ‖2L2(Ω) + ‖W0 ‖2L2(Ω) (3.31)

+ ‖ Ii(t) ‖2L2(Ω) + ‖ Ie(t) ‖2L2(Ω) +
∫ t

0

‖ Ii(τ) ‖2(
W 1,2(Ω)

)∗ dτ +
∫ t

0

‖ Ie(τ) ‖2(
W 1,2(Ω)

)∗ dτ ) .
Due to Assumption 3.1., 4), the following may be derived from (3.31):

‖ Φ̃tr(t) ‖
4

W 1,2(Ω) 6 C
(

1 + ‖Φ0 ‖4L2(Ω) + ‖W0 ‖4L2(Ω) + ‖ Ii(t) ‖4L2(Ω) + ‖ Ie(t) ‖4L2(Ω) (3.32)

+ ‖ Ii ‖4
L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie ‖4
L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) =⇒

‖ Φ̃tr ‖
4

L4
[

( 0 , T ) ,W 1,2(Ω)
] 6 C T

(
1 + ‖Φ0 ‖4L2(Ω) + ‖W0 ‖4L2(Ω) + ‖ Ii ‖4

L4
[

( 0 , T ) , L2(Ω)
] (3.33)

+ ‖ Ie ‖4
L4
[

( 0 , T ) , L2(Ω)
] + ‖ Ii ‖4

L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] + ‖ Ie ‖4
L2
[

( 0 , T ) ,
(
W 1,2(Ω)

)∗ ] ) .
Since the imbedding W 1,2(Ω) ↪→ L

6(Ω) is continuous, Φ̃tr is contained in the space L4[ ( 0 , T ) , L6(Ω)
]
.

• Step 2. The function Iion(Φ̃tr,W ) = Iion(Φ̃tr, W̃ ) belongs to the space L4/3[ ( 0 , T ) , L2(Ω)
]
. 29) By (2.28),

we may write

29) Note that, from [ Bourgault/Coudière/Pierre 09 ] , p. 471, Lemma 25, we only know that Iion(Φ̃tr(t), W̃ (t))

belongs to L4/3(Ω) for almost all t ∈ ( 0 , T ) .
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‖ Iion(Φ̃tr(t), W̃ (t)) ‖
2

L2(Ω) =
∫

Ω

(
Iion(Φ̃tr(t), W̃ (t))

)2

dx

=
∫

Ω

(
b Φ̃tr(Φ̃tr − a) (Φ̃tr − 1) + e−εtW0 Φ̃tr + ε κ e−εt Φ̃tr

∫ t

0

Φ̃tr(x, ϑ) eε ϑ dϑ
)2

dx (3.34)

6 C

∫
Ω

(
Φ̃2

tr (Φ̃2
tr + a2) (Φ̃2

tr + 1) + |W0 |2 Φ̃2
tr + ε2 κ2 Φ̃2

tr

(∫ t

0

∣∣ Φ̃tr(x, ϑ)
∣∣ · ∣∣ eεϑ ∣∣ dϑ)2 )

dx (3.35)

6 C
(∫

Ω

∣∣ Φ̃tr

∣∣6 dx+
∫

Ω

∣∣ Φ̃tr

∣∣4 dx+
∫

Ω

∣∣ Φ̃tr

∣∣2 dx (3.36)

+
∫

Ω

∣∣W0 · Φ̃tr

∣∣2 dx+ e2εT

∫
Ω

Φ̃2
tr ·
(∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)2

dx
)

=⇒

‖ Iion(Φ̃tr(t), W̃ (t)) ‖
4/3

L2(Ω) 6 C
(∫

Ω

∣∣ Φ̃tr

∣∣6 dx+
∫

Ω

∣∣ Φ̃tr

∣∣4 dx+
∫

Ω

∣∣ Φ̃tr

∣∣2 dx (3.37)

+
∫

Ω

∣∣W0 · Φ̃tr

∣∣2 dx+
∫

Ω

Φ̃2
tr ·
(∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)2

dx
)2/3

6 C
(∫

Ω

∣∣ Φ̃tr

∣∣6 dx)2/3

+ C
(

1 +
∫

Ω

∣∣ Φ̃tr

∣∣4 dx+
∫

Ω

∣∣ Φ̃tr

∣∣2 dx (3.38)

+
∫

Ω

∣∣W0 · Φ̃tr

∣∣2 dx+
∫

Ω

Φ̃2
tr ·
(∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)2

dx
)2/3

6 C
(∫

Ω

∣∣ Φ̃tr

∣∣6 dx)2/3

+ C
(

1 +
∫

Ω

∣∣ Φ̃tr

∣∣4 dx+
∫

Ω

∣∣ Φ̃tr

∣∣2 dx (3.39)

+
∫

Ω

∣∣W0 · Φ̃tr

∣∣2 dx+
∫

Ω

Φ̃2
tr ·
(∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)2

dx
)

=⇒

‖ Iion(Φ̃tr, W̃ ) ‖
4/3

L4/3
[

( 0 , T ) , L2(Ω)
] =

∫ T

0

‖ Iion(Φ̃tr(t), W̃ (t)) ‖
4/3

L2(Ω) dt (3.40)

6 C
(

1 + ‖ Φ̃tr ‖
4

L4
[

( 0 , T ) , L6(Ω)
] + ‖ Φ̃tr ‖

4

L4
[

( 0 , T ) , L4(Ω)
] + ‖ Φ̃tr ‖

2

L2
[

( 0 , T ) , L2(Ω)
]
. (3.41)

+ ‖W0 ‖2L∞(Ω) · ‖ Φ̃tr ‖
2

L2
[

( 0 , T ) , L2(Ω)
] )+ C

∫ T

0

∫
Ω

Φ̃2
tr(x, t) ·

(∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)2

dx dt

Due to the continuous imbeddings L
4[ ( 0 , T ) , L6(Ω)

]
↪→ L

4(ΩT ) = L
4[Ω , L

4( 0 , T )
]
↪→ L

4[Ω ,
L

2( 0 , T )
]

, 30) all norms within the brackets on the right-hand side of (3.41) are finite. The last term
can be estimated by∫ T

0

∫
Ω

Φ̃2
tr(x, t) ·

(∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)2

dx dt =
∫

Ω

∫ T

0

Φ̃2
tr(x, t) dt ·

(∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)2

dx (3.42)

=
∫

Ω

‖ Φ̃tr(x) ‖
2

L2( 0 , T ) · ‖ Φ̃tr(x) ‖
2

L1( 0 , T ) dx 6
∫

Ω

‖ Φ̃tr(x) ‖
2

L2( 0 , T ) · ‖ Φ̃tr(x) ‖
2

L2( 0 , T ) dx (3.43)

6 ‖ Φ̃tr ‖
4

L4
[

Ω , L2( 0 , T )
]
, (3.44)

which is finite as well, and the claim has been proved.

• Step 3. The functions Φ̃tr = Φtr, Φ̃e = Φe and W̃ = W belong to the spaces

Φtr ∈W 1,4/3[ ( 0 , T ) , L2(Ω)
]
∩ L4/3[ ( 0 , T ) , W 2,2(Ω)

]
∩ Ls(ΩT ) , 4 6 s <∞ ; (3.45)

Φe ∈ L2[ [ 0 , T ) , L2(Ω)
]
∩ L4/3[ ( 0 , T ) , W 2,2(Ω)

]
; (3.46)

W ∈ C1[ ( 0 , T ) , L∞(Ω)
]
∩ C0[ [ 0 , T ] , L∞(Ω)

]
. (3.47)

30) For the last imbedding, cf. [ Kunisch/Wagner 11 ] , p. 21, Proposition 4.3.
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In view of Step 2, we may apply Proposition 3.6., Theorem 3.2. and Proposition 3.7. to the triple (Φ̃tr, Φ̃e,
W̃ ). Consequently, the according solution (Φtr,Φe,W ) of (B̃)0,gat and (B̃)0,par coincides with (Φ̃tr, Φ̃e, W̃ )
for almost all t ∈ ( 0 , T ) in the first and second component, and for all t ∈ [ 0 , T ] for the third component.
This proves the claimed regularity except for the relation Φtr ∈ L

s(ΩT ), which will be derived from the
Aubin-Dubinskij-Lions lemma: 31) Choosing X0 = W

2,2(Ω), X = C
0(Ω) and X1 = L

2(Ω), we find that

Φtr ∈
{
f ∈ L4/3[ ( 0 , T ) , W 2,2(Ω)

] ∣∣ df
dt
∈ L4/3[ ( 0 , T ) , L2(Ω)

] }
(3.48)

belongs to L
s[ ( 0 , T ) , C0(Ω)

]
⊂ L

s(ΩT ) for all 1 < s < ∞. Hereby the claimed regularity of W with
respect to the spatial variables is confirmed as well.

• Step 4. The function Iion(Φ̃tr,W ) = Iion(Φ̃tr, W̃ ) belongs even to the space L
6[ ( 0 , T ) , L2(Ω)

]
. We

estimate

‖ Iion(Φ̃tr(t), W̃ (t)) ‖
6

L6(Ω) =
∫

Ω

(
Iion(Φ̃tr(t), W̃ (t))

)6

dx

=
∫

Ω

(
b Φ̃tr(Φ̃tr − a) (Φ̃tr − 1) + e−εtW0 Φ̃tr + ε κ e−εt Φ̃tr

∫ t

0

Φ̃tr(x, ϑ) eε ϑ dϑ
)6

dx (3.49)

6 C

∫
Ω

(
Φ̃6

tr (Φ̃6
tr + a6) (Φ̃6

tr + 1) + |W0 |6 Φ̃6
tr + Φ̃6

tr

(∫ t

0

∣∣ Φ̃tr(x, ϑ)
∣∣ · ∣∣ eεϑ ∣∣ dϑ)6 )

dx (3.50)

6 C
(∫

Ω

∣∣ Φ̃tr

∣∣18
dx+

∫
Ω

∣∣ Φ̃tr

∣∣12
dx+

∫
Ω

∣∣ Φ̃tr

∣∣6 dx+
∫

Ω

∣∣W0

∣∣6 · ∣∣ Φ̃tr

∣∣6 dx (3.51)

+
∫

Ω

∣∣ Φ̃tr

∣∣6 · (∫ t

0

∣∣ Φ̃tr(x, ϑ)
∣∣ · ∣∣ eεϑ ∣∣ dϑ)6

dx
)

=⇒

‖ Iion(Φ̃tr(t), W̃ (t)) ‖
6

L6
[

( 0 , T ) , L6(Ω)
] =

∫ T

0

‖ Iion(Φ̃tr(t), W̃ (t)) ‖
6

L6(Ω) dt (3.52)

6 C
(

1 + ‖ Φ̃tr ‖
18

L18(ΩT ) + ‖ Φ̃tr ‖
12

L12(ΩT ) + ‖ Φ̃tr ‖
6

L6(ΩT ) (3.53)

+ ‖W0 ‖6L∞(Ω) · ‖ Φ̃tr ‖
6

L6(ΩT )

)
+ C

∫ T

0

∫
Ω

∣∣ Φ̃tr(x, t)
∣∣6 · (∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)6

dx dt

From Step 3 we know that all norms within the brackets on the right-hand side of (3.53) are finite. Analogously
to (3.42)− (3.44), the last term will be estimated through∫ T

0

∫
Ω

∣∣ Φ̃tr(x, t)
∣∣6 · (∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)6

dx dt =
∫

Ω

∫ T

0

∣∣ Φ̃tr(x, t)
∣∣6 dt · (∫ T

0

∣∣ Φ̃tr(x, ϑ)
∣∣ dϑ)6

dx (3.54)

=
∫

Ω

‖ Φ̃tr(x) ‖
6

L6( 0 , T ) · ‖ Φ̃tr(x) ‖
6

L1( 0 , T ) dx 6 C

∫
Ω

‖ Φ̃tr(x) ‖
6

L6( 0 , T ) · ‖ Φ̃tr(x) ‖
6

L6( 0 , T ) dx (3.55)

= ‖ Φ̃tr ‖
12

L12
[

Ω , L6( 0 , T )
]
, (3.56)

which is by (3.45) finite as well. Now the claim follows from the continuous imbedding L6[ ( 0 , T ) , L2(Ω)
]
↪→

L
6[ ( 0 , T ) , L6(Ω)

]
.

• Step 5. The functions Φ̃tr = Φtr, Φ̃e = Φe and W̃ = W belong even to the spaces

Φtr ∈W 1,6[ ( 0 , T ) , L2(Ω)
]
∩ L6[ ( 0 , T ) , W 2,2(Ω)

]
∩ C0(ΩT ) ; (3.57)

Φe ∈ L2[ [ 0 , T ) , L2(Ω)
]
∩ Lr

[
( 0 , T ) , W 2,2(Ω)

]
; (3.58)

W ∈ C1[ ( 0 , T ) , L∞(Ω)
]
∩ C0[ [ 0 , T ] , L∞(Ω)

]
. (3.59)

31) [ Dubinskij 65 ] , p. 612, Teorema 1, and p. 615, Teorema 2; cf. also [ Showalter 97 ] , p. 106, Proposition 1.3.
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In view of Step 4, Proposition 3.6., Theorem 3.2. and Proposition 3.7. may be applied again to the triple
(Φ̃tr, Φ̃e, W̃ ), and the new solution (Φtr,Φe,W ) of (B̃)0,gat and (B̃)0,par coincides again with the former one.
Using interpolation space arguments, the claim Φtr ∈ C0(ΩT ) follows from

Φtr ∈
{
f ∈ L6[ ( 0 , T ) , W 2,2(Ω)

] ∣∣ df
dt
∈ L6[ ( 0 , T ) , L2(Ω)

] }
(3.60)

by repeating the arguments from [ Veneroni 09 ] , p. 864 f.

• Step 6. Conclusion of the proof. Let us finally note that the regularity (3.14)− (3.16) of a weak solution
(Φtr,Φe,W ) of (B)2 allows for partial integration in all terms where ∇ψ occurs. At the same time, it is
consistent with Definition 2.1. Consequently, (Φtr,Φe,W ) forms a strong solution of (B)1 and (B)0 as well,
and the proof of Theorem 3.3. is complete.

Remarks. 1) If the Rogers-McCulloch model in (B)2 is replaced by the FitzHugh-Nagumo model then the
proof of Theorem 3.3. runs as above with only minor alterations in Steps 2 and 4.

2) In the case of the linearized Aliev-Panfilov model, the relation Φtr ∈ L4[ ( 0 , T ) , L6(Ω)
]

is confirmed as
above. However, Step 2 of the preceding proof must be replaced by the following calculations, which show
again that the function Iion(Φ̃tr,W ) = Iion(Φ̃tr, W̃ ) belongs to the space L4/3[ ( 0 , T ) , L2(Ω)

]
:

‖ Iion(Φ̃tr(t), W̃ (t)) ‖
2

L2(Ω) =
∫

Ω

(
Iion(Φ̃tr(t), W̃ (t))

)2

dx (3.61)

=
∫

Ω

(
b Φ̃tr(Φ̃tr − a) (Φ̃tr − 1) + e−εtW0 Φ̃tr + ε κ e−εt Φ̃tr

∫ t

0

(
(a+ 1) Φ̃tr(x, ϑ)− Φ̃2

tr(x, ϑ)
)
eε ϑ dϑ

)2

dx

6 C

∫
Ω

(
Φ̃2

tr (Φ̃2
tr + a2) (Φ̃2

tr + 1) + |W0 |2 Φ̃2
tr (3.62)

+ ε2 κ2 Φ̃2
tr

(∫ t

0

( ∣∣ (a+ 1) Φ̃tr(x, ϑ)
∣∣+
∣∣ Φ̃tr(x, ϑ)

∣∣2 ) · ∣∣ eεϑ ∣∣ dϑ)2 )
dx

6 C
(∫

Ω

∣∣ Φ̃tr

∣∣6 dx+
∫

Ω

∣∣ Φ̃tr

∣∣4 dx+
∫

Ω

∣∣ Φ̃tr

∣∣2 dx+
∫

Ω

∣∣W0 · Φ̃tr

∣∣2 dx (3.63)

+ e2εT

∫
Ω

Φ̃2
tr ·
(∫ T

0

( ∣∣ (a+ 1) Φ̃tr(x, ϑ)
∣∣+
∣∣ Φ̃tr(x, ϑ)

∣∣2 ) dϑ)2

dx
)

=⇒

‖ Iion(Φ̃tr(t), W̃ (t)) ‖
4/3

L2(Ω) 6 C
(∫

Ω

∣∣ Φ̃tr

∣∣6 dx+
∫

Ω

∣∣ Φ̃tr

∣∣4 dx+
∫

Ω

∣∣ Φ̃tr

∣∣2 dx (3.64)

+
∫

Ω

∣∣W0 · Φ̃tr

∣∣2 dx+
∫

Ω

Φ̃2
tr ·
(∫ T

0

( ∣∣ (a+ 1) Φ̃tr(x, ϑ)
∣∣+
∣∣ Φ̃tr(x, ϑ)

∣∣2 ) dϑ)2

dx
)2/3

6 C
(∫

Ω

∣∣ Φ̃tr

∣∣6 dx)2/3

+ C
(

1 +
∫

Ω

∣∣ Φ̃tr

∣∣4 dx+
∫

Ω

∣∣ Φ̃tr

∣∣2 dx (3.65)

+
∫

Ω

∣∣W0 · Φ̃tr

∣∣2 dx+
∫

Ω

Φ̃2
tr ·
(∫ T

0

( ∣∣ (a+ 1) Φ̃tr(x, ϑ)
∣∣+
∣∣ Φ̃tr(x, ϑ)

∣∣2 ) dϑ)2

dx
)2/3

6 C
(∫

Ω

∣∣ Φ̃tr

∣∣6 dx)2/3

+ C
(

1 +
∫

Ω

∣∣ Φ̃tr

∣∣4 dx+
∫

Ω

∣∣ Φ̃tr

∣∣2 dx (3.66)

+
∫

Ω

∣∣W0 · Φ̃tr

∣∣2 dx+
∫

Ω

Φ̃2
tr ·
(∫ T

0

( ∣∣ (a+ 1) Φ̃tr(x, ϑ)
∣∣+
∣∣ Φ̃tr(x, ϑ)

∣∣2 ) dϑ)2

dx
)

=⇒

‖ Iion(Φ̃tr, W̃ ) ‖
4/3

L4/3
[

( 0 , T ) , L2(Ω)
] =

∫ T

0

‖ Iion(Φ̃tr(t), W̃ (t)) ‖
4/3

L2(Ω) dt

6 C
(

1 + ‖ Φ̃tr ‖
4

L4
[

( 0 , T ) , L6(Ω)
] + ‖ Φ̃tr ‖

4

L4
[

( 0 , T ) , L4(Ω)
] + ‖ Φ̃tr ‖

2

L2
[

( 0 , T ) , L2(Ω)
] (3.67)

+ ‖W0 ‖2L∞(Ω) · ‖ Φ̃tr ‖
2

L2
[

( 0 , T ) , L2(Ω)
] )
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+ C

∫ T

0

∫
Ω

Φ̃2
tr(x, t) ·

(∫ T

0

( ∣∣ (a+ 1) Φ̃tr(x, ϑ)
∣∣+
∣∣ Φ̃tr(x, ϑ)

∣∣2 ) dϑ)2

dx dt .

The finiteness of the norms within the brackets on the right-hand side of (3.67) is confirmed as in the proof
above. For the last term, we get the estimate∫ T

0

∫
Ω

Φ̃2
tr(x, t) ·

(∫ T

0

( ∣∣ (a+ 1) Φ̃tr(x, ϑ)
∣∣+
∣∣ Φ̃tr(x, ϑ)

∣∣2 ) dϑ)2

dx dt

=
∫

Ω

∫ T

0

Φ̃2
tr(x, t) dt ·

(∫ T

0

∣∣ (a+ 1) Φ̃tr(x, ϑ)
∣∣ dϑ+

∫ T

0

Φ̃2
tr(x, ϑ) dϑ

)2

dx (3.68)

6
∫

Ω

‖ Φ̃tr(x) ‖
2

L2( 0 , T ) ·
(
‖ Φ̃tr(x) ‖

2

L1( 0 , T ) + ‖ Φ̃tr(x) ‖
4

L2( 0 , T )

)
dx (3.69)

6 C

∫
Ω

‖ Φ̃tr(x) ‖
2

L2( 0 , T ) ·
(
‖ Φ̃tr(x) ‖

2

L2( 0 , T ) + ‖ Φ̃tr(x) ‖
4

L2( 0 , T )

)
dx (3.70)

6 C
(
‖ Φ̃tr ‖

4

L4
[

Ω , L2( 0 , T )
] + ‖ Φ̃tr ‖

6

L6
[

Ω , L2( 0 , T )
] )

. (3.71)

As in Step 2 in the proof above, we see that the first member on the right-hand side is finite. Due to
[ Kunisch/Wagner 11 ] , p. 21, Proposition 4.3., the imbeddings L4[ ( 0 , T ) , L6(Ω)

]
↪→ L

6[Ω , L
4( 0 , T )

]
↪→ L

6[Ω , L
2( 0 , T )

]
are continuous, and the second member is finite as well. Step 4 is subjected to analogous

alterations.

Proof of Corollary 3.4. Under the assumptions of the Corollary, (B)2 possesses a uniquely determined
weak solution (Φtr,Φe,W ) on [ 0 , T ] by Theorem 2.8. By Theorem 3.3., this solution admits the regularity
described in (3.14)− (3.16) and is, in fact, a strong solution of (B)0 and (B)1.

Proof of Corollary 3.5. 1) By Theorem 3.3., any weak solution of (B)2 is in fact a strong solution
of (B)0 and (B)1 with Φtr, Φe ∈ L

r[ ( 0 , T ) , W 2,2(Ω)
]

at least. By Assumption 3.1., 1), the bound-
ary of Ω is C1,1, and by Assumption 3.1., 2), the entries of Mi and Me are Lipschitz continuous. Since
the eigenvalues λk,i( · ) and λk,e( · ), 1 6 k 6 3, depend Lipschitz-continuously on the matrix elements
(cf. [ Schaback/Wendland 05 ] , p. 270, Corollary 15.4.), the functions are continuous on cl (Ω). Now the
assertion follows from [ Bourgault/Coudiére/Pierre 09 ] , p. 462, Lemma 1.

2) Under the assumptions above the compatibility condition for Φ0 reduces to nTMe∇Φ0 = 0 on ∂Ω after
[ Veneroni 09 ] , p. 854, Remark 3. By Part 1, this condition may be further reduced to the claimed form.
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